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We initiate a systematic study of 3-dimensional ‘defect’ topologi-
cal quantum field theories, that we introduce as symmetric monoidal
functors on stratified and decorated bordisms. For every such functor
we construct a tricategory with duals, which is the natural categori-
fication of a pivotal bicategory. This captures the algebraic essence
of defect TQFTs, and it gives precise meaning to the fusion of line
and surface defects as well as their duality operations. As examples,
we discuss how Reshetikhin-Turaev and Turaev-Viro theories embed
into our framework, and how they can be extended to defect TQFTs.
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1 Introduction and summary
In the approach of Atiyah and Segal, an n-dimensional topological quantum field
theory (TQFT) is a symmetric monoidal functor from Bordn to vector spaces.
Such functors in particular provide topological invariants of manifolds. Even
without leaving the realm of topology, one can obtain finer invariants, and a
much richer theory, by augmenting the bordism category with decorated lower-
dimensional subspaces. These so-called ‘defects’ appear naturally in both physics
and pure mathematics. The present paper is dedicated to unearthing the general
algebraic structure of the 3-dimensional case of such ‘defect TQFTs’.
Already in the 2-dimensional case, the above process of enriching topological
bordisms with defect structure is one of iterated categorification: By a classi-
cal result, 2-dimensional closed TQFTs (where objects in Bord2 are closed 1-
manifolds as in the original definition of [Ati], and all manifolds that we consider
are oriented) are equivalent to commutative Frobenius algebras [Koc]. By allow-
ing labelled boundaries for objects and morphisms, one ascends to open/closed
TQFTs Zoc [Laz, MS, LP]. These are known to be equivalent to a commutative
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Frobenius algebra (what Zoc assigns to S1) together with a Calabi-Yau category
(whose Hom sets are what Zoc does to intervals with labelled endpoints) and
certain relations between the two. In fact for all known examples it is only the
Calabi-Yau category that matters, and the Frobenius algebras can be recovered
as its Hochschild cohomology [Cos]. Hence the transition from 2-dimensional
closed to open/closed TQFTs is one from algebras to categories.
The natural conclusion of this line of thought is to consider 2-dimensional defect
TQFTs, of which the closed and open/closed flavours are special cases: now
bordisms may be decomposed into decorated components which are separated by
labelled 1-dimensional submanifolds (called ‘defects’), for example:
α
βA
X
Y
(1.1)
One finds that every 2-dimensional defect TQFT naturally gives rise to a ‘pivotal
2-category’ [DKR], which is a 2-category with very well-behaved duals. Exam-
ples of such 2-categories derived from TQFTs include those of smooth projective
varieties and Fourier-Mukai kernels (also known as ‘B-twisted sigma models’)
[CW], symplectic manifolds and Lagrangian correspondences (‘A-twisted sigma
models’) [Weh], or isolated singularities and matrix factorisations (‘affine Landau-
Ginzburg models’) [CM].
In principle, the notion of defect TQFT generalises to arbitrary dimension: an
n-dimensional defect TQFT should be a symmetric monoidal functor
Borddefn −→ Vectk
where Borddefn is some suitably augmented version of Bordn that also allows deco-
rated submanifolds of various codimensions. One generally expects such TQFTs
to be described by n-categories with additional structure [Kap], but the details
have not been worked out for n > 2. Despite the naturality of the notion, not
even a precise definition of defect TQFT has appeared in the literature for n > 2.
In the present paper we set out to remedy both issues for n = 3.
Higher categories also feature prominently in ‘extended’ TQFT, in which de-
compositions along lower-dimensional subspaces promote Bordn itself to a higher
category. This approach has received increased focus following Lurie’s influential
work on the cobordism hypothesis [Lur]. Among the recent results here are that
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fully extended 3-dimensional TQFTs valued in the (∞, 3)-category of monoidal
categories are classified by spherical fusion categories [DSPS], that 3-2-1 extended
TQFTs valued in 2-Vect are classified by modular tensor categories [BDSPV], and
the work on boundary conditions and surface defects in [KS, FSV].
The crucial difference to our approach is that for us a defect TQFT is an ordi-
nary symmetric monoidal functor, and everything that leads to higher-categorical
structures is contained in an augmented (yet otherwise ordinary) bordism cate-
gory. On the other hand, the approach of extended TQFT is to assume higher
categories and higher functors from the outset. In this sense (which we further
discuss in the bulk of the paper) our approach is more minimalistic, and possibly
broader.
We find that the most conceptual and economical way of systematically study-
ing 3-dimensional defect TQFT is through the notion of ‘defect bordisms’ which
we will introduce in Section 2. Roughly, defect bordisms are bordisms that come
with a stratification whose 1-, 2-, and 3-strata1 are decorated by a choice of la-
bel sets D, as for example the cubes depicted below. Defect bordisms form the
morphisms in a symmetric monoidal category Borddef3 (D), whose objects are com-
patibly decorated stratified closed surfaces such as (1.1). In Section 3 we shall
define a 3-dimensional defect TQFT to be a symmetric monoidal functor
Z : Borddef3 (D) −→ Vectk . (1.2)
Our main result is the categorification of the result that a 2-dimensional defect
TQFT gives rise to a pivotal 2-category. To state it precisely we recall that while
every weak 2-category is equivalent to a strict 2-category, the analogous statement
is not true in the 3-dimensional case [GPS]. As we will review in Section 3.1,
the generically strictest version of a 3-category is a so-called ‘Gray category’. It
should hence come as no surprise that in Sections 3.3 and 3.4 we will prove:
Theorem 1.1. Every 3-dimensional defect TQFT Z : Borddef3 (D)→ Vectk gives
rise to a k-linear Gray category with duals TZ .
The Gray category TZ is an invariant associated to Z which measures among
other things how closed 3-dimensional TQFTs associated to unstratified bordisms
are ‘glued together’. If there are no labels for 2-dimensional defects in the chosen
decoration data D, then TZ reduces to a product of ordinary categories.
Very roughly, the idea behind the construction of TZ is to directly transport
the decorated structure of bordisms in Borddef3 (D) into the graphical calculus
for Gray categories with duals, developed in [BMS]. This leads to objects u,
1-morphisms α : u→ v, and 2-morphisms X : β → γ being decorated cubes such
1A priori we do not allow decorated 0-strata in the interior of a defect bordism, as we will see
in Section 3 how such data can be obtained from a defect TQFT.
4
as
u
,
u
v
α1
α2
α3 ,
X3
X1 X2
γ3
γ2γ1
β1
,
respectively, where we will extract the labels u, v, αi, βj, γk, Xl from the given
decoration data D. It is only in the definition of 3-morphisms where the functor Z
is used, namely by evaluating it on suitably decorated spheres, cf. Section 3.3.
(Accordingly, if one replaces Vectk by another symmetric monoidal category C
in (1.2), the Gray category TZ is not k-linear, but C-enriched.) The three types of
composition in TZ correspond to stacking cubes along the x-, y-, and z-direction.
There are two types of duals in TZ , corresponding to orientation reversal of
surfaces (for 1-morphisms α) and lines (for 2-morphisms X). In Section 3.4 we
will see how these duals are exhibited by coevaluation 2- and 3-morphisms such
as
coevα =
u
v
, coevX = Z




,
respectively. These are the two distinct analogues of the coevaluation maps
for duals in 2-dimensional string diagrams.
After having established the natural 3-categorical structure TZ associated to a
defect TQFT Z, we will present several examples of such Z and TZ in Section 4.
Even the trivial TQFT (which assigns k to everything in sight) leads to a non-
trivial Gray category as we show in Section 4.1. In Section 4.2 we explain how
the Reshetikhin-Turaev construction for a modular tensor category C fits into our
framework as a special class of defect TQFTs ZC with only 1-dimensional defects.
We also prove that TZC recovers C viewed as a 3-category. Finally, in Section 4.3,
we shall utilise the work on homotopy quantum field theory in [TVire] to construct
two classes of 3-dimensional defect TQFTs for every G-graded spherical fusion
category. In particular we obtain interesting surface defects which allow us to
extend Turaev-Viro theories to defect TQFTs.
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We end this introduction by mentioning very briefly a number of applications
and further developments of the work presented in this paper. (1) It would
be interesting to compare our approach to the correspondence between TQFTs
and higher categories developed in [MW]; in particular one could expect that
our construction of TZ from Z factors through a ‘disc-like 3-category’. (2) In
our framework one can extend Reshetikhin-Turaev theory to produce not only
invariants for 3-dimensional manifolds with embedded ribbons, but also with em-
bedded surfaces. (3) In [KR] it was argued that Rozansky-Witten theory gives
rise to a 3-category T RW which brings together algebraic and symplectic geom-
etry; it would be interesting to understand T RW as a Gray category with duals.
(4) There is a theory of ‘orbifold completion’ of pivotal 2-categories [CR] which
generalises certain group actions on 2-dimensional TQFTs via the algebraic lan-
guage of defects, leading to new equivalences of categories [CRCR, CQV]. The
idea of orbifold completion applies to TQFTs of any dimension n and should be
developed for n = 3. It is expected that this will also give rise to new TQFTs.
(5) 3-dimensional TQFT has applications in quantum computing, where orb-
ifoldable group actions have received much attention, see e. g. [BJQ, FS]. Our
approach offers a robust and conceptual framework for generalisations of these
constructions.
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2 Bordisms
For any n ∈ Z+, there is a category Bordn of closed oriented (n− 1)-dimensional
manifolds and their bordisms [Hir, Koc]. The objective of this section is to
introduce a much bigger category of stratified and decorated bordisms, into which
Bordn embeds non-fully. For this purpose we briefly review and decide on a
certain flavour of stratified manifolds with boundary, define stratified bordism
categories Bordstratn , and finally arrive at the stratified decorated (or ‘defect’)
bordism category Borddef3 (D).
2.1 Stratified bordisms
By a filtration of a topological space Σ we mean a finite sequence F = (Σ ⊃
Fm ⊃ Fm−1 ⊃ · · · ⊃ F0 ⊃ F−1 = ∅) of not necessarily closed subspaces Fj ⊂ Σ.
We sometimes use the notation F = (Fj). The only topological spaces we will
6
consider are oriented manifolds (possibly with boundary). Hence from hereon we
obey the following
Convention. By a “manifold” we mean an “oriented real (topological) mani-
fold”. The boundary of a manifold with boundary is outward-oriented.
There are many different notions of stratification and stratified spaces in the
literature, such as Whitney stratifications [Whi1, Whi2], stratified sets by Thom
and Mather [Tho, Mat], and variants of these definitions in the piecewise-linear
or topological context. In addition to their setting, these notions differ in their
choice of regularity conditions imposed on the strata, which then ensure that the
strata have neighbourhoods with certain properties, and that different strata can
be glued smoothly.
As we only use stratifications as a substrate to carry defect data, we work with
a minimal definition of stratification as a filtration by smooth manifolds that
satisfies the ‘frontier condition’ and the ‘finiteness condition’ defined below. We
circumvent the question about appropriate regularity conditions and gluing of
strata by requiring certain normal forms around strata, see Section 2.2.
Definition 2.1. An m-dimensional stratified manifold (without boundary) is an
m-dimensional manifold (without boundary) Σ together with a filtration F =
(Σ = Fm ⊃ Fm−1 ⊃ · · · ⊃ F0 ⊃ F−1 = ∅) subject to the following conditions:
(i) Σj := Fj \ Fj−1 is a j-dimensional smooth manifold (which may be empty)
for all j ∈ {0, 1, . . . , m}; connected components of Σj are denoted Σ
α
j and
are referred to as j-strata; each j-stratum is equipped with a choice of ori-
entation (which for j = m may differ from the orientation induced from Σ).
(ii) Frontier condition: for all strata Σαi ,Σ
β
j with Σ
α
i ∩Σ
β
j 6= ∅, we have Σ
α
i ⊂ Σ
β
j
(where Σ
β
j denotes the closure of Σ
β
j ).
(iii) Finiteness condition: the total number of strata is finite.
We often denote a stratified manifold (Σ,F) simply by Σ. For the set of j-strata
we write Sj, so we have the topological decomposition
Σ =
m⋃
j=0
⋃
Σαj ∈Sj
Σαj .
Every smooth m-dimensional manifold Σ is trivially a stratified manifold when
equipped with the filtration Σ = Fm ⊃ ∅ ⊃ · · · ⊃ ∅. In this case there is
a single stratum, namely Σ = Fm = Σm. A less trivial example is the unit
disc Σ = D2 := {x ∈ R
2 | |x| < 1} with three 2-strata, three 1-strata, and one
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(positively oriented) 0-stratum as follows:
Σ21
Σ11Σ31
+
Σ10
Σ12
Σ22Σ
3
2
	
	 
Below we will sometimes suppress orientations in pictures of stratified manifolds.
Definition 2.2. A morphism from an m-dimensional stratified manifold Σ to
an m′-dimensional stratified manifold Σ′ is a continuous map f : Σ → Σ′ such
that f(Σj) ⊂ Σ
′
j and f |Σαj : Σ
α
j → Σ
′α′
j are orientation-preserving smooth maps
between strata for all j ∈ {0, 1, . . . , m}. The morphism is called an embedding if
all the f |Σαj are diffeomorphisms onto their images.
We illustrate this definition with an example. Take for Σ = S2 the trivially
stratified 2-sphere and for Σ′ the 2-sphere S2 stratified by two meridians and the
north and the south pole. Then any map f : Σ→ Σ′ that sends the unit sphere
to a point p ∈ Σ′2 is a morphism of stratified manifolds.
Stratified manifolds and their morphisms form a category, however not the one
we are ultimately interested in. Instead, for a fixed n ∈ Z+, we wish to define a
category whose objects are (n − 1)-dimensional stratified manifolds, and whose
morphisms are ‘stratified bordisms’. To arrive at this notion we first consider
manifolds with boundary M and their neat submanifolds as an intermediate
step: a submanifold (with boundary) N ⊂ M is called neat if ∂N = N ∩∂M and
N ∩
◦
M 6= ∅. (In the smooth case, neatness typically also involves a transversality
condition, see for instance [Hir]; in the case of our stratified bordisms, we replace
this condition by requiring appropriate collars for boundary parametrisations in
the category Bordstratn to be defined on the next page.)
Definition 2.3. A n-dimensional stratified manifold with boundary is an n-
dimensional manifold with boundary M together with a filtration M = Fn ⊃
Fn−1 ⊃ · · · ⊃ F0 ⊃ F−1 = ∅ such that:
(i) The interior
◦
M together with the filtration (
◦
M∩Fj) is a stratified manifold.
(ii) Mj := Fj \ Fj−1 is a neat j-dimensional smooth submanifold for all
j ∈ {0, 1, . . . , n}. Connected components ofMj are denoted M
α
j and are re-
ferred to as j-strata; each j-stratum is equipped with a choice of orientation
(which may differ from the orientation induced from M).
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(iii) ∂M together with the filtration (∂M ∩ Fj+1) is an (n − 1)-dimensional
stratified manifold (with orientations induced by those of the strata in the
Mj).
As in the case without boundary, every manifold with boundary can be viewed
as (trivially) stratified. A nontrivial example of a 2-dimensional stratified mani-
fold with boundary is
where matching colours of interior strata and adjacent boundary strata indicate
the induced filtration and orientations.
Definition 2.4. A morphism from an n-dimensional stratified manifold with
boundary M to an n′-dimensional stratified manifold with boundary M ′ is a
continuous map f : M →M ′ with f(∂M) ⊂ ∂M ′ such that
(i) f(Mj) ⊂ M
′
j and f |Mαj are smooth orientation-preserving maps between
strata for all j ∈ {0, 1, . . . , n}, and
(ii) f |∂M : ∂M → ∂M
′ is a morphism of stratified manifolds.
We may now define the category Bordstratn of stratified bordisms in analogy to
the standard bordism category Bordn: Objects of Bord
strat
n are closed (n − 1)-
dimensional stratified manifolds Σ. A bordism Σ → Σ′ is a compact stratified
n-manifoldM , together with an isomorphism Σrev⊔Σ′ → ∂M of (germs of collars
around) stratified (n−1)-manifolds, where Σrev is Σ with reversed orientations for
all strata. Two bordismsM,N : Σ→ Σ′ are equivalent if there is an isomorphism
(of stratified manifolds with boundary, i. e. a homeomorphism whose restrictions
to strata are orientation-preserving diffeomorphisms) M → N compatible with
the boundary parameterisations. The set of morphisms HomBordstratn (Σ,Σ
′) con-
sists of the equivalence classes of bordisms [M ] : Σ→ Σ′. We will often write M
for [M ].
The composition of morphisms in Bordstratn is defined by applying the standard
construction in terms of collars (see for instance [Hir]) in Bordn finitely many
times to the boundary strata. Together with disjoint union this makes Bordstratn
into a symmetric monoidal category, of which Bordn is a subcategory. However,
it is not a full subcategory, due to the presence of strata that do not reach the
boundary.
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2.2 Standard stratified bordisms
We could now proceed to study a rich class of ‘stratified TQFTs’ as symmetric
monoidal functors Bordstratn → Vectk. However for our purposes this notion is
simultaneously too narrow and too broad. It is too narrow in the sense that we
will consider additional structure in the form of ‘defect decorations’ as discussed
below. And it is too broad because from now on we shall make the following
restrictive assumptions:
(i) n = 3.
(ii) There are no 0-strata in the interior of bordisms.
(iii) Every 1-stratum in a bordism has a neighbourhood which is of ‘standard
form’ (as explained below, compare (2.2)), and similarly for 0-strata of
boundaries (compare (2.1)).
Remark 2.5. The reason for condition (ii) is one of perspective: for us the fun-
damental entity will be a ‘defect TQFT’ (cf. Definition 3.1), which is a functor Z
on a certain 3-dimensional decorated bordism category Borddef3 (D) (which is de-
fined at the end of the present section). By removing small balls around potential
0-strata in the interior of a stratified bordism, we can always transform a bordism
with inner 0-strata into one without such points by adding new sphere-shaped
boundary components. We will see that the state spaces of the TQFT on these
decorated spheres are natural label sets for the removed 0-strata. In this sense
a set of coherent defect labels for 0-strata is already contained in Z, and requir-
ing 0-dimensional data from the start would lead to unnecessarily complicated
consistency issues. (Our constructions in Sections 3.3 and 3.4 will make these
statements precise.)
On the other hand, condition (iii) is merely one of convenience. We do not
address the question whether all 1-strata in Bordstrat3 have neighbourhoods which
are of standard form. We are exclusively interested in the latter as they encode
the relevant combinatorial data of ‘surface operators’ meeting at ‘line operators’.
Next we detail the standard forms of condition (iii) above, starting with the
case of neighbourhoods around 0-strata in 2-dimensional stratified manifolds. The
underlying manifold is the open disc D2 = {x ∈ C | |x| < 1}, where we identify
R2 with the complex plane. For every p ∈ N = Z>0 and for every ε ∈ {±}
×(p+2)
we endow Σ = D2 with a stratification given by
Σ0 = {0} ,
Σ1 =
p⋃
α=1
{
re2πi(α−1)/p
∣∣∣ 0 < r < 1}︸ ︷︷ ︸
=:Σα1
,
Σ2 =
(
D2 \ Σ1
)
\ Σ0
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where the orientations of the strata are encoded in the tuple ε: the 1-stratum Σα1
is oriented away from the origin iff εα = + for all α ∈ {1, 2, . . . , p}, the 0-stratum
Σ0 has orientation εp+1, and all 2-strata have the same orientation εp+2. We
denote this ‘star-like’ stratified disc as Dp,ε2 . For example, we have
D
3,(+,+,−,−,−)
2 =
−



. (2.1)
The standard neighbourhood around 1-strata in 3-dimensional stratified bor-
disms is set to be a cylinder over some star-like disc Dp,ε2 . Since these 1-strata
may have nonempty boundary, there are actually four types of cylinders, namely
Dp,ε2 × I for I one of the intervals [0, 1], [0, 1), (0, 1], or (0, 1). The j-strata of
Dp,ε2 × I are s× I, where s ranges over the (j − 1)-strata of D
p,ε
2 for j ∈ {1, 2, 3};
the 1-stratum of Dp,ε2 × I is oriented upwards iff εp+1 = +, a 2-stratum Σ
α
1 × I
has the orientation induced from the standard orientation of R3 iff εα = +, and
the 3-strata all have this standard orientation iff εp+2 = +. The standard neigh-
bourhoods around 1-strata look like ‘symmetrically opened books with p pages’:
D
3,(+,+,−,−,−)
2 × I = . (2.2)
Now we can be clear about which stratified bordisms we restrict to. To wit,
we define BordE3 to be the subcategory of Bord
strat
3 as follows: For every object
Σ ∈ BordE3 and every 0-stratum in Σ there exists a chart, i. e. an isomorphism
of stratified manifolds with boundary, from a neighbourhood of the 0-stratum to
some star-like disc Dp,ε2 ; morphisms M in Bord
E
3 do not have 0-strata, around
every 1-stratum in M there exists a chart to some cylinder Dp,ε2 × I, and all
3-strata have the same orientation, induced by the orientation on M .
2.3 Decorated bordisms
Geometrically, BordE3 is the bordism category on which we want to study defect
TQFTs – however not ‘combinatorially’. Indeed, we will allow decorations of all
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strata according to certain rules, which are encoded in the notion of ‘defect data’
in Definition 2.6 below.
To motivate this notion, let M be a stratified bordism in BordE3 , and recall
that we write Sj for the set of j-dimensional strata of M . To every 2-stratum
Mα2 ∈ S2 we can associate the unique pair of 3-strata (M
β
3 ,M
γ
3 ) ∈ S3×S3 whose
closures both contain Mα2 . Furthermore, orientations induce a sense of direction:
by convention, we think of Mβ3 as the ‘source’ (and M
γ
3 as the ‘target’) of M
α
2
iff an arrow from Mβ3 to M
γ
3 together with a positive frame on M
α
2 is a positive
frame in M .2 This defines a map
m2 : S2 −→ S3 × S3
which we immediately extend to a map m2 : S2 × {±} → S3 × S3 by setting
m2(M
α
2 ,+) = m2(M
α
2 ) and m2(M
α
2 ,−) = m2((M
α
2 )
rev).
From the stratified bordism M we can also extract a map m1 with domain
S1, which keeps track of the neighbourhoods of 1-strata. Indeed, by choosing a
small positive loop around a given 1-stratum and collecting the incident 2-strata
together with their orientations in their cyclic order produces a map
m1 : S1 −→ S3 ⊔
⊔
m∈Z+
(
(S2 × {±})× · · · × (S2 × {±})
)
/Cm︸ ︷︷ ︸
cyclically ordered list of m elements
(2.3)
where Cm is the cyclic group of order m, the second argument in S2 × {±} is +
iff the orientation of the respective 2-stratum together with the tangent vector
of the loop is a positive frame for M , and an image in S3 means that the chosen
1-stratum does not touch any 2-strata (‘m = 0’), but only a single ambient 3-
stratum. (We remark that in the casem > 0 in (2.3) the 3-strata can be recovered
from the 2-strata with the help of the map m2.)
Now we can codify the data and rules for decorated stratified bordisms. We
introduce three sets D1, D2, D3 of labels for the 1-, 2-, 3-strata ofM , respectively,
source and target maps s, t : D2 → D3 that correspond to the map m2 : S2 →
S3 × S3, and a ‘folding map’ f that corresponds to the map m1 in (2.3). Of
these structures, only the folding map is substantially new when compared to the
2-dimensional case of [DKR]:
Definition 2.6. By defect data D we mean a choice of
• three sets D3, D2, D1;
• source and target maps s, t : D2 → D3, which are extended to maps s, t :
D2 × {±} → D3 by
s(x,+) = s(x) , t(x,+) = t(x) , s(x,−) = t(x) , t(x,−) = s(x) ; (2.4)
2Here we use the fact that all 3-strata have the same orientation.
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• a folding map
f : D1 −→ D3 ⊔
⊔
m∈Z+
(
(D2 × {±})× · · · × (D2 × {±})
)
/Cm
satisfying the condition that every element ((α1, ε1), . . . , (αm, εm)) in
f(D1) \D3 has the property
s(αi+1, εi+1) = t(αi, εi) for all i ∈ {1, 2, . . . , m} mod m.
Finally we are in a position to define the (D-decorated) defect bordism cat-
egory Borddef3 (D) for given defect data D. Roughly, objects and morphisms in
Borddef3 (D) are those of Bord
E
3 together with a decoration consistent with D. To
give the precise definition, we first define a D-decorated bordism to be bordismM
in BordE3 together with three label maps ℓj : Sj → Dj for j ∈ {1, 2, 3} which are
required to be consistent with D in the sense that the diagrams
S2 D2
S3 × S3 D3 ×D3
ℓ2
m2 (s, t)
ℓ3 × ℓ3
and
S1 S3 ⊔
⊔
m∈Z+
(
(S2 × {±})× · · · × (S2 × {±})
)
/Cm
D1 D3 ⊔
⊔
m∈Z+
(
(D2 × {±})× · · · × (D2 × {±})
)
/Cm
m1
ℓ1 ℓ3 ⊔ (ℓ2 × 1)× · · · × (ℓ2 × 1)
f
commute. We say that a j-stratum Mαj is decorated by x ∈ Dj if ℓj(M
α
j ) =
x. Similarly, a D-decorated surface is an object Σ in BordE3 together with the
structure of a D-decorated bordism on the cylinder Σ× [0, 1], and we say that a
(j − 1)-stratum of Σ is decorated by x ∈ Dj if the corresponding j-stratum in
the cylinder is decorated by x. A morphism M → N of D-decorated bordisms is
a morphism of stratified bordisms such that every stratum in M carries the same
decoration as the stratum in N into which it is mapped.
Objects in Borddef3 (D) are D-decorated surfaces. A morphism Σ → Σ
′ be-
tween two such objects is an equivalence class of D-decorated bordisms whose
underlying bordisms represent morphisms between the underlying stratified sur-
faces in BordE3 subject to the condition that the labels of strata with boundary
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in M match with the labels of the corresponding strata in Σ or Σ′. Here, two
D-decorated bordisms are equivalent if there is an isomorphism of D-decorated
bordisms between them which is compatible with the boundary parameterisa-
tions. Borddef3 (D) is a symmetric monoidal category with composition, identities,
monoidal and symmetric structure inherited from BordE3 .
An example of an object in Borddef3 (D) is the decorated 2-sphere
Σ =
+
x1
+
x2
−
x3
−
x4
α1
α2
α3
α4
α5
α6
u1
u2
u3
u4
where ui ∈ D3, αj ∈ D2 and xk ∈ D1, and the decorated cylinder (with suppressed
labels ui for 3-strata)
α1
α2 α3
α4
α5
α6
x1 x2
x3x4
represents the identity morphism on Σ.
3 Tricategories from defect TQFTs
For any choice of defect data D and field k, we have arrived at our central object
of study:
Definition 3.1. A 3-dimensional defect TQFT is a symmetric monoidal functor
Z : Borddef3 (D) −→ Vectk .
The goal of this section is to extract a 3-categorical structure from any given
defect TQFT Z which captures as much of Z as possible. We achieve this goal in
Theorems 3.12 and 3.13 by constructing a certain type of tricategory with extra
structure from Z, namely a ‘k-linear Gray category with duals’ TZ .
We shall perform this task in two main steps. The first step is to define objects,
1- and 2-morphisms for TZ , and this involves only the choice of defect data D,
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with no need for the functor Z. In this sense we may think of the first three
layers of TZ as purely ‘kinematic’. On the other hand, the second step is about
‘dynamics’: 3-morphisms and the dualities of TZ are built by evaluating Z on
particular defect bordisms.
The programme for this section is thus as follows. We will review all relevant
2- and 3-categorical structures – in particular Gray categories – in Section 3.1,
and discuss various notions of duality in Section 3.2. We also present the 2-
and 3-dimensional graphical calculus which we shall employ extensively. Then in
Section 3.3 we construct the Gray category TZ associated to a defect TQFT Z,
and in Section 3.4 we prove that TZ in fact naturally carries the structure of a
Gray category with duals.
3.1 Free 2-categories and Gray categories
This section serves as a brief review of free bicategories and Gray categories. We
also recall their respective graphical calculi, state our conventions, and construct
the free 2-category associated to a set of defect data D.
3.1.1 Bicategories
We assume familiarity with the basics of bicategories and their 2-functors, as
presented for example in [Lei, Sect. 1.5] and [Sch, App.A.3]. By a 2-category we
mean a strict bicategory, i. e. one whose associator and unitor 2-morphisms are
all identities. Put differently, a 2-category is a category enriched over Cat.
Explicitly, in a 2-category B there are strictly associative and unital composi-
tions ⊗ and ◦ of 1- and 2-morphisms, respectively, together with strict functors
X ⊗ (−) : B(γ, α) −→ B(γ, β) , (−)⊗X : B(β, γ) −→ B(α, γ)
for all X ∈ B(α, β), where by convention X⊗ (−) sends a morphism Φ to 1X⊗Φ.
The tensor product ⊗ is required to satisfy the interchange law
(
Ψ⊗ 1X′
)
◦
(
1Y ⊗ Φ
)
=
(
1Y ′ ⊗ Φ
)
◦
(
Ψ⊗ 1X
)
(3.1)
for all 2-morphisms Φ : X → X ′ and Ψ : Y → Y ′. If one keeps the same data but
does not require the interchange law, one arrives at the notion of a pre-2-category.
By generalising Mac Lane’s strictification and coherence results for monoidal
categories [McL] to bicategories, one obtains that every bicategory B is equivalent
to a 2-category Bstr, and that for every (weak) 2-functor F : B → C there exists
15
a strict 2-functor F str : Bstr → Cstr such that the diagram
B C
Bstr Cstr
F
∼= ∼=
F str
commutes. In this sense bicategories can be completely strictified.
One class of bicategories which will be relevant for us are those ‘freely generated
by a computad’. Let us first recall that by unpacking the definition of [Str,
Sect. 2], a computad K consists of three setsK0,K1,K2 together with four (σource
and τarget) maps σ0, τ0, σ1, τ1 as follows: σ1 and τ1 are maps K1 → K2, from
which we define ‘sets of allowed K1-words’
K
(m)
1 =
{
(k1, k2, . . . , km) ∈ K
×m
1
∣∣∣ σ1(kj+1) = τ1(kj) for all j ∈ {1, 2, . . . , m− 1}
}
for all m ∈ Z+, and for convenience we set K
(0)
1 = K2. Then by definition σ0 and
τ0 are maps K0 →
⊔
m∈NK
(m)
1 compatible with σ1, τ1 in the sense that
σ1σ0 = σ1τ0 , τ1τ0 = τ1σ0
where for allm ∈ Z+ we set σ1(k1, . . . , km) = σ1(k1) and τ1(k1, . . . , km) = τ1(km).
3
Computads form the objects of a category Comp. There is a forgetful functor
from the category of 2-categories to Comp which has a left adjoint F . The free
2-category FK associated to a computad K has a geometric description in terms
of string diagrams [Str]. We briefly review this construction; contrasting it with
our 3-categorical construction in Section 3.3 will prove useful.
• Objects of FK are unit squares labelled with elements α ∈ K2:
α
• 1-morphisms X : α → β are isotopy classes of (unoriented) stratified unit
squares with no 0-strata, the 1-strata are m ∈ N horizontal lines labelled
3Two special cases of a computad K are as follows: if K2 has only one element, then K is a
tensor scheme as in [JS]; and if σ0, τ0 have images only in K
(1)
1 , then K is a 2-globular set.
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by elements (X1, X2, . . . , Xm) ∈ K
(m)
1 from bottom to top, and the m+1 2-
strata are labelled with elements α1, α2, . . . , αm+1 ∈ K2 such that σ1(X1) =
α = α1, σ1(Xj+1) = τ1(Xj) for all j ∈ {1, 2, . . . , m− 1}, and τ1(Xm) = β =
αm+1. For example:
α1 = α
α2
α3
α4 = β
X1
X2
X3
(3.2)
Only isotopies which leave the lines straight and respect their order are
considered. We call such isotopies linear.
• 2-morphisms Φ : X → Y are equivalence classes of string diagrams which
stratify the unit square and are progressive, e. g. such that the vertical
projection map restricted to each 1-stratum is a diffeomorphism onto its
image. Moreover, there must be a neighbourhood of the right and left
boundaries of the square in which the diagram looks like the (squeezed)
squares X and Y , respectively.4 Such a diagram consists of embedded
progressive lines (the 1-strata) which may meet at points (the 0-strata) in
the interior, but not with the top and bottom boundaries. All j-strata are
decorated with elements of Kj such that the source and target relations are
satisfied. As in the example below, we will however often suppress such
decorations:
Two diagrams are equivalent if there is an isotopy of progressive diagrams
relating the two. In particular this means that the interchange law simply
reads
= (3.3)
in the free 2-category FK.
4Our unusual convention of reading string diagrams from right to left, as opposed to vertically,
will become advantageous once they will appear in 3-dimensional diagrams below.
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• Horizontal composition of 1- and 2-morphisms is given by vertical(!) align-
ment of the respective squares, followed by a rescaling (to end up with a
square again; the precise way in which the rescaling is performed is irrele-
vant, since different rescalings are related by isotopies). Similarly, vertical
composition of 2-morphisms is defined by horizontal alignment. The unit 1-
morphism 1α on an object α is the diagram for α (regarded as 1-morphism
with no lines), and the unit 2-morphism 1X on a 1-morphism X is the
diagram for X .
Slight variations of the above construction lead to two closely related bicate-
gorical structures. Firstly, the free pre-2-category FpK associated to K has the
same diagrams for its objects, 1- and 2-morphisms as FK, but the equivalence
relation on 2-morphisms is different: two string diagrams are equivalent in FpK
iff they are related by a progressive isotopy. This is an isotopy of progressive
diagrams where no two horizontal coordinates of distinct vertices are allowed to
coincide during the isotopy. Thus, the equality (3.3) does not hold in FpK.
Secondly, the free bicategory FbK associated to K has again the same dia-
grams for its objects, 1- and 2-morphisms as FK, and 2-morphisms in FbK are
isotopy classes of string diagrams as in FK. However, non-indentical (but possi-
bly isotopic) diagrams for 1-morphisms are not identified in FbK; (objects and)
1-morphisms simply are diagrams here. Identities between 1-morphisms in FK
generically amount only to 2-isomorphisms in FbK, and horizontal composition
is not strictly associative or unital in FbK.
We shall now use the above construction to produce the free 2-category asso-
ciated to a set of defect data D = (D3, D2, D1, s, t, f) (cf. Definition 2.6). The
first step is to identify the computad KD that D naturally gives rise to. For this
we abbreviate KD = K and set
K2 = D3 , K1 = D3 ⊔ (D2 × {±}) , K1 ⊃ D2 × {±} K2 ,
σ1|D2×{±} = s
τ1|D2×{±} = t
(3.4)
and σ1(u) = u = τ1(u) if u ∈ D3 ⊂ K1, and we immediately extend σ1, τ1 to K
(m)
1
by setting σ1
(
(α1, ε1), . . . , (αm, εm)
)
= σ1(α1, ε1) and τ1
(
(α1, ε1), . . . , (αm, εm)
)
=
τ1(αm, εm) for all
(
(α1, ε1), . . . , (αm, εm)
)
∈ K
(m)
1 and m ∈ Z+. Writing
(
(α1, ε1), . . . , (αm, εm)
)#
=
(
(αm,−εm), . . . , (α1,−ε1)
)
for the reversed list, we set
K0 = D3 ⊔
⊔
m,m′∈N, (m,m′)6=(0,0)
⊔
A,A′
f−1
(
A′ A#
)
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where the second disjoint union is over all pairs (A,A′) ∈ K(m)1 × K
(m′)
1 with
σ1(A) = σ1(A
′) and τ1(A) = τ1(A′) if m,m′ > 0, σ1(A) = τ1(A) if m′ = 0,
σ1(A
′) = τ1(A′) if m = 0, and ‘’ denotes concatenation of lists (where we
treat A# (resp. A′) as the empty list if m′ (resp. m) is zero). Finally, the maps
σ0, τ0 are defined by
X ∈ f−1
(
A′  A#
)
=⇒ σ0(X) = A , τ0(X) = A
′
for X ∈ K0 \D3 with (A,A
′) ∈ K(m)1 ×K
(m′)
1 with (m,m
′) 6= (0, 0), and σ0(X) =
X = τ0(X) if X ∈ D3 ⊂ K0.
Lemma 3.2. KD is a computad.
Proof. This follows immediately from the properties of D.
Corollary 3.3. Every set of defect data D gives rise to the free 2-category FKD,
the free bicategory FbKD, and the free pre-2-category FpKD.
In Section 3.3 we will be guided to make a tricategory out of KD by not
necessarily identifying isotopic string diagrams, and by adding a third dimension
to relate them. However, first we have to discuss the type of tricategories which
we shall consider.
3.1.2 Tricategories
A (strict) 3-category is easily defined: it is a category enriched over (strict) 2-
categories. Relaxing associativity and other relations of the various compositions
to hold only up to higher morphisms, subject to certain coherence conditions,
leads to the notion of a ‘tricategory’ [GPS, Gur2]. In this sense tricategories are to
bicategories as bicategories are to categories. Yet this analogy is only superficial:
contrary to the 2-dimensional situation, not every tricategory is equivalent to a
strict 3-category.5 This is one reason why 3-dimensional category theory (and
accordingly 3-dimensional TQFT) is considerably richer than the 2-dimensional
case.
While a generic tricategory cannot be completely strictified, it was shown in
[GPS] that ‘the next best thing’ is true: every tricategory is equivalent to a
tricategory whose compositions are all strictly associative and unital, but for
which the interchange law may only hold up to isomorphism. Such tricategories
are called ‘Gray categories’ as they are categories enriched over the symmetric
monoidal category of 2-categories and strict 2-functors with the ‘Gray tensor
product’, cf. [Gra]. Another way to concisely define Gray categories is as ‘strict
opcubical tricategories’. For our purposes though it is appropriate to unpack this
into building blocks which are familiar from 1- and 2-category theory:6
5Every tricategory with only one object and one 1-morphism whose braided monoidal category
of 2- and 3-morphisms is non-symmetric is a counterexample.
6It was shown in [GPS] that Definition 3.4 is equivalent to the notion of strict opcubical
tricategory.
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Definition 3.4. A Gray category G consists of the following data:
(i) a set of objects denoted Obj(G), or simply G;
(ii) for all u, v ∈ G, a 2-category G(u, v) of 1-, 2-, and 3-morphisms, with
horizontal and vertical composition denoted ‘⊗’ and ‘◦’;
(iii) for all u ∈ G, a 1-morphism 1u ∈ G(u, u);
(iv) for all u, v, w ∈ G and all 1-morphisms α ∈ G(u, v), (strictly associative and
strictly unital) strict 2-functors
α  (−) : G(w, u) −→ G(w, v) , (−)  α : G(v, w) −→ G(u, w) ;
(v) for all 2-morphisms Y : α→ α′ in G(u, v) and all 2-morphisms X : β → β ′
in G(v, w), an invertible 3-morphism
σX,Y :
(
X  1α′
)
⊗
(
1β  Y
)
−→
(
1β′  Y
)
⊗
(
X  1α
)
(3.5)
called tensorator, natural in X and Y .
The tensorator is subject to the following conditions:
(vi) σX,1α = 1X1α and σ1β ,Y = 11βY ;
(vii) for all 2-morphisms Y ′ : α′ → α′′ and X ′ : β ′ → β ′′,
σX,Y ′⊗Y =
((
11β′  1Y ′
)
⊗ σX,Y
)
◦
(
σX,Y ′ ⊗
(
11β  1Y
))
,
σX′⊗X,Y =
(
σX′,Y ⊗
(
1X  11α
))
◦
((
1X′  11α′
)
⊗ σX,Y
)
;
(viii) for all 1-morphisms α and 2-morphisms X, Y such that the following ex-
pressions are defined:
σX1α,Y = σX,1αY , σ1αX,Y = 11α  σX,Y , σX,Y 1α = σX,Y  11α .
We adopt the convention that the -composite of two 2- or 3-morphisms Ψ :
α → α′ and Φ : β → β ′ is Φ  Ψ = (Φ  1α′) ⊗ (1β  Ψ). In the following
we will often refer to -composition as the Gray product. We say that a Gray
category is k-linear (or simply linear if the field k is known from the context) if
the categories of 2- and 3-morphisms are k-linear, and the compositions  and ⊗
induce k-linear functors. Furthermore, we call a 1-morphism α : u→ v in a Gray
category G a biequivalence [Gur2], if there exists a 1-morphism β : v → u such
that α  β is equivalent to 1v in the bicategory G(v, v), and β  α is equivalent
to 1u in G(u, u). This allows us to formulate the following internal notion of
equivalence:7
7We note that Definition 3.5 gives a minimal notion of equivalence of Gray categories, adopted
to the examples we will consider. In general, even a quasi-inverse of a strict equivalence may
be non-strict.
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Definition 3.5. A strict equivalence G → G ′ between Gray categories G,G ′
consists of
(i) a strict functor of Gray categories F : G → G ′, i. e. a function F0 : Obj(G)→
Obj(G ′) and strict 2-functors Fu,v : G(u, v) → G ′(F0(u), F0(v)), such that
Fu,u(1u) = 1F0(u) and Fw,u(Ψ  Φ) = Fv,u(Ψ)  Fw,v(Φ) for all u, v, w ∈
Obj(G) and 2- or 3-morphisms Φ and Ψ for which this expression is defined.
Moreover, we require Fu,v(σX,Y ) = σ
′
Fv,w(X),Fu,v(Y )
for allX and Y as in (3.5).
If G and G ′ are linear Gray categories, the 2-functors Fu,v are required to
be linear.
(ii) Each 2-functor Fu,v is an equivalence of 2-categories, i. e. Fu,v is biessentially
surjective (to wit, every object of G ′(F0(u), F0(v)) is equivalent to Fu,v(α)
for some α ∈ G(u, v)), and it induces an equivalence on the categories of 2-
and 3-morphisms.
(iii) F0 is triessentially surjective, i. e. every object u
′ ∈ Obj(G ′) is biequivalent
to an object F0(u) for some u ∈ Obj(G).
Just like every calculation in a 2-category can be performed with the help of
progressive 2-dimensional string diagrams [JS], there also exists a diagrammatic
calculus for Gray categories. It was originally studied in [Tri] and fully developed
in [BMS, Sect. 2.5], to which we refer for a precise treatment. In the following we
only present the basic picture.
Given a Gray category G, any 3-morphism Φ in G, i. e. a 2-morphism in G(u, v)
for some u, v ∈ G, can be presented and evaluated as an (isotopy class of a)
progressive Gray category diagram as follows. Such a diagram is a progressive 3d
diagram8 together with a decoration of all j-strata by (3− j)-morphisms in G for
all j ∈ {0, 1, 2, 3} (where we use the convention that 0-morphisms are objects).
The decoration must be compatible with the source and target relations, where -
composition is in negative x-direction, ⊗-composition is in negative y-direction,
and ◦-composition is in z-direction. The source and target 2-morphisms of Φ are
respectively identified with the bottom and top of the cube. It follows that the
projection of a Gray category diagram for Φ to the x = 0 plane produces a string
diagram in the 2-category G(u, v) whose evaluation is Φ.
For example, consider objects u, v, w ∈ G, 1-morphisms α, β, γ ∈ G(u, v), δ ∈
G(u, w), ε ∈ G(w, v), ζ ∈ G(w, u), 2-morphisms X : ε  δ → α, Y : γ  ζ → ε,
Z : 1u → ζ  δ, X
′ : β → α, and Y ′ : γ → β. Then the Gray category diagram
8A progressive 3d diagram is a stratification of the unit cube [0, 1]3 ⊂ R3 such that for each
j-stratum s we have ∂([0, 1]3)∩s = s∩ ((0, 1)3−j×∂([0, 1]j)), the side faces [0, 1]×{0}× [0, 1]
and [0, 1]×{1}×[0, 1] are progressive 2-dimensional diagrams, the projection (x, y, z) 7→ (y, z)
is a regular map of each surface, and projection (x, y, z) 7→ z is a regular map for each line,
cf. [BMS, Def. 2.8& 2.22].
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(whose origin is at the lower back corner)
ε
w
γ
ζ
Y
δ
Z
β
α
X
Y ′
X ′
Φ
u
v

-co
mp
osit
ion
⊗-composition
◦-
co
m
p
o
si
ti
o
n
−y −x
z
evaluates to the string diagram
1γ  Z
X
Y ′
X ′
Y  1δ
Φ
⊗-composition
◦-
co
m
p
o
si
ti
o
n
ε

δ
γ
γ

ζ

δ
β
α
of a map Φ: X ′ ⊗ Y ′ → X ⊗ (Y  1δ)⊗ (1γ  Z).
In this language, the tensorator σX,Y in Definition 3.4 is simply a cube with
two y = const. planes with embedded X- and Y -lines braiding past each other:
σX,Y =
X
β
β′
Y
α
α′
u v
w
(3.6)
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This makes it diagrammatically clear how the interchange law (3.3) is weakened
in a Gray category: the left and right sides of (3.3) precisely correspond to
the bottom and top boundary of the cube in (3.6), respectively, i. e. the source
and target of σX,Y . Hence the interchange law holds in the strict sense iff the
tensorator is the identity.
From the diagram (3.6) for the tensorator it is also apparent how braided
monoidal categories are special cases of Gray categories. Indeed, if in the defini-
tion (3.5) of σX,Y we take u = v = w and α = α
′ = β = β ′ = 1u, then (σX,Y )
gives a braided structure on the monoidal category of 2-endomorphisms of 1u.
Finally, we observe that, analogously to the 2-dimensional case, the axioms
of a Gray category are built into its diagrammatic calculus: Since the unit 1α
on a 1-morphism α corresponds to an unstratified α-decorated plane, and since
-composition corresponds to stacking such planes together, conditions (vi) and
(viii) in Definition 3.4 are manifest in the diagrammatic calculus. Similarly,
the first identity of condition (vii) is encoded in the isotopy invariance of Gray
category diagrams:
X
β
β′
Y
Y ′
α
α′
α′′
u v
w
=
X
β
β′
Y
Y ′
α
α′
α′′
u v
w
and analogously for the second identity.
3.2 Duals
In this section we recall duality and pivotal structures for 2-categories, and we
explain how to enhance the free 2-category associated to a computad to a strictly
pivotal 2-category. Then we define ‘Gray categories with duals’ and discuss their
3-dimensional graphical calculus.
3.2.1 Bicategories
Given a 2-category B, a (right) dual of a 1-morphismX ∈ B(α, β) is a 1-morphism
X† ∈ B(β, α) together with 2-morphisms evX : X† ⊗ X → 1α and coevX :
1β → X ⊗ X
† such that the Zorro moves are satisfied. Our convention for the
diagrammatic calculus is that upward oriented lines labelled by X represent 1X ,
23
so the (co)evaluation maps are
evX =
α
β
X
, coevX =
α
β
X
(3.7)
and the Zorro moves are the identities
= , = .
If every 1-morphism in B has a right dual we say that B has duals. In this
case choosing a right dual for every object makes (−)† : B → Bop into a 2-functor
with φ† = (evY ⊗1X†) ◦ (1Y † ⊗ φ ⊗ 1X†) ◦ (1Y † ⊗ coevX) for φ ∈ B(X, Y ). Here,
the opposite 2-category Bop is given by Bop(α, β) = B(β, α)op, and the horizontal
composite X⊗Y in Bop is Y ⊗X in B, viewed as a 1-morphism in Bop. It follows
that (Bop)op = B.
Definition 3.6. (i) A strictly pivotal 2-category is a 2-category B which has
duals such that (for a prescribed choice of duals) (−)† : B → Bop is a strict
2-functor with (−)†† = 1B, where (−)†† = ((−)†)op ◦ (−)†.
(ii) A strictly pivotal 2-functor is a 2-functor F : B → C between strictly pivotal
2-categories such that F (X†) = F (X)† for all 1-morphism X in B.
As observed e. g. in [BW, Sect. 2], the evaluation maps of a strictly pivotal
2-category can be recovered from the coevaluation maps and the functor (−)†
as evX = (coevX†)
†, if certain conditions are satisfied. As we will encounter an
analogue of this fact in our discussion of duals in Gray categories we state this
precisely: a strictly pivotal 2-category is the same as a 2-category B with a 2-
functor (−)† : B → Bop which acts as 1B on objects, and for all X ∈ B(α, β) a
2-morphism coevX : 1β → X ⊗X
† such that (−)†† = 1B and(
Φ⊗ 1X†
)
◦ coevX =
(
1Y ⊗ Φ
†) ◦ coevY ,(
1X ⊗ (coevX†)
†) ◦ (coevX ⊗1X) = 1X , (3.8)(
1X ⊗ coevZ ⊗1X†
)
◦ coevX = coevX⊗Z
for all Φ : X → Y and suitably composable 1-morphisms X, Y, Z.
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The free bicategories associated to a computad K can be made into strictly
pivotal bicategories by ‘freely adding duals’. We explain this for the free 2-
category FK and its ‘pivotalisation’ FdK; the discussion for F
pK and FbK is very
similar. Paralleling the graphical presentation of FK reviewed in Section 3.1.1,
the 2-category FdK has the following description:
9
• Objects of FdK are the same as objects of FK.
• 1-morphisms X in FdK are 1-morphisms (X1, X2, . . . , Xm) in FK together
with a choice of orientation of the 1-strata such that σ1(Xi) and τ1(Xi) are
the labels to the right and left, respectively, of the Xi-labelled line. The
dual of X has the order of the Xi-lines and their orientations reversed, and
we denote it X#. For example:
X =
α = τ1(X1)
σ1(X1) = σ1(X2)
τ1(X2) = σ1(X3)
β = τ1(X3)
X1
X2
X3
=⇒ X# =
β = τ1(X3)
τ1(X2) = σ1(X3)
σ1(X1) = σ1(X2)
α = τ1(X1)
X3
X2
X1
(3.9)
• 2-morphisms in FdK are isotopy classes of not-necessarily progressive string
diagrams, i. e. planar 2-category diagrams in the sense of [BMS, Sect. 3.2].
For example, the right adjunction maps for the 1-morphism X in (3.9) are
evX = , coevX = . (3.10)
The Zorro moves hold manifestly due to isotopy invariance.
• Composition and identities in FdK are the same as in FK.
Corollary 3.7. Every set of defect data D gives rise to a free strictly pivotal
2-category FdK
D, a free strictly pivotal pre-2-category FpdK
D, and a free strictly
pivotal bicategory FbdK
D.
In the pre-2-category FpdK
D we include adjunction maps for 1-morphisms as
in (3.10), but the singular point (corresponding to the apex) of the projection
to the x-axis is treated as a vertex in the equivalence relation for 2-morphisms.
Hence, there is no allowed isotopy that moves it past another vertex. Moreover,
we do not require the Zorro moves to hold in FpdK
D.
9As for the free 2-category FK we denote horizontal composition vertically in FdK, for com-
patibility with our constructions in Sections 3.3 and 3.4.
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3.2.2 Tricategories
Roughly, a Gray category with duals G has duals X† : β → α for 2-morphisms
X : α → β, but also suitably compatible duals α# ∈ G(v, u) for 1-morphisms
α ∈ G(u, v). The †-dual is familiar, namely that of a strictly pivotal structure
on the 2-categories G(u, v). However, the 3-dimensional analogue of the Zorro
move for the #-dual only holds up to a 3-isomorphism. The following definition
is equivalent to [BMS, Def. 3.10], although reformulated with slightly different
conventions:
Definition 3.8. A Gray category with duals is a Gray category G together with
the following structure:
(i) for all u, v ∈ G, the 2-categories G(u, v) are strictly pivotal 2-categories with
duals denoted (−)†, and for all α ∈ G(u, v) and w ∈ G, the 2-functors
α  (−) : G(w, u) −→ G(w, v) , (−)  α : G(v, w) −→ G(u, w)
are strictly pivotal 2-functors;
(ii) for every 1-morphism α ∈ G(u, v) there is a 1-morphism α# ∈ G(v, u) to-
gether with a 2-morphism coevα : 1v → αα
#, called fold, and an invertible
3-morphism
τα :
(
1α  evα
)
⊗
(
coevα 1α
)
−→ 1α , (3.11)
called triangulator (or Zorro movie), where evα := (coevα#)
† : α#α→ 1u,
subject to the conditions
a) α## = α for all 1-morphisms α,
b) 1#u = 1u, coev1u = 11u , and τ1u = 111u for all u ∈ G,
c) (α  β)# = β#  α#, coevαβ = (1α  coevβ 1
#
α )⊗ coevα, and
ταβ =
((
τα  11β
)
⊗
(
11α  τβ
))
◦
(
11α1β(coevβ#)† ⊗ σ
−1
1αcoevβ ,(coevα#)
†1β
⊗ 1coevα 1α1β
)
for all α ∈ G(u, v) and β ∈ G(w, u), where σ is the tensorator for G,
d) for all 1-morphisms α:
1coevα =
((
11α2(τ
−1
α#
)†
)
⊗ 1coevα
)
◦
(
11α(coevα# )†1α# ⊗ σcoevα,coevα
)
◦
(
(τ−1α  11α# )⊗ 1coevα
)
.
We observe that the conditions in (ii) above are analogous to those of the 2-
dimensional case in (3.8). Expressing them graphically below will make them
much more transparent.
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Definition 3.9. A strict functor of Gray categories with duals F : G → G ′ is
a strict functor of Gray categories which is compatible with the duals in the
sense that for all u, v ∈ G, the 2-functors G(u, v)→ G ′(F0(u), F0(v)) are pivotal,
for all 1-morphisms α in G we have F (α#) = F (α)# and F (coevα) = coevF (α),
and F (τ) = τ ′ holds for the triangulators. F is called an equivalence of Gray
categories with duals if in addition it is an equivalence of Gray categories as in
Definition 3.5 .
The graphical calculus for Gray categories with duals G was developed in [BMS,
Sect. 3.4]. As in the 2-dimensional case one allows non-progressive diagrams in
which surfaces may be folded. Hence locally, diagrams for G either look like
3-dimensional progressive diagrams as in Section 3.1.2, or like α-folds
1coevα =
α
α#
v
u
: 1v −→ α  α
#
or like the †-dual of the α#-fold,
1evα = 1(coev
α#
)† = α#
α
vu
: α#  α −→ 1u ,
or like the diagrams for τα and τ
−1
α shown in (3.12) below. As is implicit in these
diagrams, the convention is that taking the †-dual and the #-dual corresponds
to a rotation by π along the lines y = z = 1
2
and x = y = 1
2
, respectively.
Condition (i) in Definition 3.8 states that -composition is compatible with
†-duals. Analogously to the 2-dimensional case, this is built into the graphical
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calculus, e. g.
γX
α
β
u v
w
=
1γ  X
γ  α
γ  β
u w
.
Here and below we are using the convention (consistent with the convention
in (3.7)) that a line representing a 2-morphism X : α → β is oriented such that
the surface representing the 1-morphism α is to the right of the line. Diagrams
for Gray categories with duals are again evaluated by projecting to the back of
the cube (i. e. the face with x = 0) as in Section 3.1.2, inducing the orientations
of lines in the projected 2-dimensional diagram. For further details, we refer to
[BMS, Sect. 3.4].
The triangulator (3.11) is a 3-morphism that ‘morphs Zorro’s Z, lying at the
bottom of the cube, into a straight line at the top’. In pictures, the triangulator
and its inverse are given by:
τα =
α
u
v
τ−1α = α
u
v
(3.12)
and the condition that τ−1α is inverse to τα reads
τ−1α ◦ τα = α
u
v
= α
u
v
= 1(
1α2(coevα# )
†
)
⊗
(
coevα21α
)
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τα ◦ τ
−1
α =
α
u
v
=
α
u
v
= 11α (3.13)
The compatibility it has to satisfy with the †-adjunction maps according to con-
dition (ii.c) then reads:
α  β
w
v
=
α
β
u
w
v
(3.14)
Finally, condition (ii.d) states that the fold does not suffer from twisting it:
α
α#
v
u
= α#
αu
v
(3.15)
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A movie-slicing of this condition is given by:
α#
α
u
v
α#
α
u
v
α#
α
u
v
α#
α
u
v
(τ−1α  11α# )⊗ 1coevα
11α(coevα# )†1α# ⊗ σcoevα,coevα
(11α  (τ
−1
α#
)†)⊗ 1coevα
Note that there exists a (non-progressive) isotopy relative to the boundary
between the two diagrams in (3.15) and the two pairs of diagrams in (3.13).
In this sense, the invertibility of the triangulator and condition (ii.d) on the
triangulator in Definition 3.8 are topologically motivated.
3.3 Gray categories from defect TQFTs
From now on we fix a set of defect data D = (D3, D2, D1, s, t, f), and a defect
TQFT
Z : Borddef3 (D) −→ Vectk .
In this section we shall construct the tricategory naturally associated to Z. We
proceed in two steps: objects, 1- and 2-morphisms are basically those of the
free pre-2-category FpKD of Section 3.1.1 (independent of the functor Z), while
3-morphisms are obtained by evaluating Z on appropriate decorated spheres.
We will build a Gray category T ′Z from Z. Roughly, objects, 1- and 2-
morphisms are cylinders over the objects, 1- and 2-morphisms of FpKD viewed as
D-decorated stratified manifolds. In detail: An object in T ′Z is a unit cube [0, 1]
3
(equipped with the standard orientation) labelled with an element in D3. A 1-
morphism α ∈ T ′Z(u, v) is an equivalence class of cylinders α2d× [0, 1], where α2d
is a representative of a 1-morphism in FpKD(u, v) as in (3.2), and the (standard-
oriented) 3-strata and the 2-strata (with a prescribed orientation) of α2d × [0, 1]
carry the labels of their boundaries in α2d; two cylinders α2d×[0, 1] and α
′
2d×[0, 1]
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are equivalent if α2d and α
′
2d represent the same 1-morphism in F
pKD. Analo-
gously, a 2-morphism in T ′Z(α, β) is an equivalence class of decorated cylinders X
over representatives X2d of 2-morphisms in F
pKD, together with a choice of ori-
entation for each line p × [0, 1] and each surface l × [0, 1] over labelled points p
and lines l in X2d, such that the orientations of 2-strata in X ending on the
right or left face agree with those of the corresponding strata in α and β, respec-
tively. The identity 1u on an object u ∈ T
′
Z is represented by (the diagram for) u
(viewed as a cube with no labelled planes), and the identity 1α on a 1-morphism α
in T ′Z is represented by a representative of α (viewed as a cube with no labelled
lines). It follows that for a representative r of an object, 1- or 2-morphisms in T ′Z ,
((0, 1)2 × [0, 1]) ∩ r is a D-decorated 3-manifold.
Usually we will use the same symbol for a 1- or 2-morphism Y and the cube
diagrams representing it. However, when we want to highlight a choice of repre-
senting diagram for Y , we will denote the representative as DY or similarly.
Examples of (representatives of) objects, 1- and 2-morphisms in T ′Z are
u
α2
α1
X2
X1
where here and also in (3.16) below we indicate the orientation of a 2-stratum αi
by arrows on the intersection of its boundary with the surface of the cube; the
orientation of 1-strata Xi can be chosen independently of the orientation of their
adjacent 2-strata. To avoid clutter we suppress all non-essential decorations.
The 3-morphisms of T ′Z are constructed with the help of Z. Roughly, we ob-
tain the set of 3-morphisms between two parallel 2-morphisms X and X ′, i. e. two
2-morphisms between the same source and target, by choosing representing dia-
grams DX and DX′ for X and X
′, respectively, and gluing the bottom and top
of DX and DX′ to a sphere SDX ,DX′ , and then evaluating Z on SDX ,DX′ . In the
following, we will make this idea precise.
For two parallel 2-morphisms X,X ′ : α → β we choose representing diagrams
DX and DX′ , respectively, whose non-horizontal faces coincide. Then we consider
the cube CDX ,DX′ which has no strata in the interior and whose bottom and
top coincide with the bottom and top of DX and DX′, respectively, and whose
remaining faces are those of DX or DX′ (which are identical). For instance, in
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the example
DX =
α
γ
β
X
u
u
u
, DX′ =
α
γ
β Y1
Y2
Y3
u
,
(3.16)
we thus have
CDX ,DX′ =
α
β
γ
X
Y1
Y2Y3
u
. (3.17)
We then enclose this decorated cube CDX ,DX′ in the smallest possible sphere,
i. e. the sphere of radius
√
3
2
centred at (1
2
, 1
2
, 1
2
). This sphere is made into a
decorated stratified manifold SDX ,DX′ by radially projecting the strata of CDX ,DX′
from the mutual centre (1
2
, 1
2
, 1
2
). For the example in (3.16), (3.17) this yields
SDX ,DX′ =
Y2
Y3
Y1
X
α
β
γ
(3.18)
In the following, especially in the definition of composition of 3-morphism below,
for typographical reasons we will sometimes depict a defect sphere SDX ,DX′ as
the boundary of the decorated stratified cube (with corners) CDX ,DX′ . Similarly,
if a decorated stratified cube (with corners) is a representative of an object, 1-
or 2-morphism in T ′Z , we can identify it with a defect ball (i. e. a defect bordism
whose underlying manifold is a 3-ball) by projecting as above.
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We finally turn to the definition of 3-morphisms in T ′Z . Given two parallel
2-morphisms X and X ′, we would like to set the vector space of 3-morphisms
froms X to X ′ to be
Z
(
SDX ,DX′
)
, (3.19)
for a choice of representing diagrams DX and DX′ for X and X
′, respec-
tively.10 To obtain the actual space of 3-morphisms that is independent of
choices, we note that for different representing diagrams D′X and D
′
X′ for X
and X ′, there are isotopies f from DX to D′X and f
′ from DX′ to D′X′ , respec-
tively. From these we obtain a cylinder Zf,f ′ which gives an isomorphism from
SDX ,DX′ to SD′X ,D′X′ in Bord
def
3 (D). Evaluating with Z produces an isomorphism
Z(Zf,f ′) : Z(SDX ,DX′ )→ Z(SD′X ,D′X′ ) which does not depend on the choice of iso-
topies f and f ′, and hence we may denote it Z(Zf,f ′) =: FD,D′. Moreover, for yet
another choice of representing diagrams D′′X and D
′′
X′ for X and X
′, respectively,
we have FD′,D′′ ◦ FD,D′ = FD,D′′. In short, the isomorphisms F form a direct
system relating all choices of representing diagrams for the 2-morphisms. We
finally set
HomT ′Z
(
X,X ′
)
= lim
F
Z
(
SDX ,DX′
)
. (3.20)
Note that since all morphisms in the direct system are isomorphisms, for ev-
ery choice of representing diagrams there is an isomorphism Z
(
SDX ,DX′
)
∼=
HomT ′Z
(
X,X ′
)
. Moreover, we can invert the cone isomorphisms to find that
the limit also serves as a colimit of the direct system. In the following, since all
constructions will be compatible with the direct system above and thus factor
through the limit, we will abuse notation and write HomT ′Z(X,X
′) = Z(SX,X′).
With the objects, 1-, 2- and 3-morphisms of T ′Z at hand, we will now describe
its the composition maps. Firstly, the Gray product of 1-morphisms, denoted ,
simply amounts to stacking planes in cubes together (up to linear isotopy). If
α : u → v and β : v → w are 1-morphisms, then their Gray product β  α
is obtained by concatenating the two cubes in negative x-direction, followed by
10The idea behind this definition is the following. In an n-dimensional defect TQFT Zn,
there are ‘local operators’ which are to be thought of as inserted at intersection points of 1-
dimensional ‘line operators’. In the associated n-category these local operators are precisely
the n-morphisms. To determine which operators can be inserted at a given intersection
point ν, one removes a tiny n-ball around ν from the defect bordism and evaluates Zn on
its decorated surface to obtain the ‘state space’ of n-morphisms. This was first explained for
n = 2 in [DKR, Sect. 2.4] (see also [CR, Eq. (3.7)]); (3.19) is the 3-dimensional case.
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rescaling the thusly obtained cuboid to a cube:
v
w

u
v
=
u v
w
Secondly, horizontal composition of 2-morphisms, denoted ⊗, is concatenation
in negative y-direction and rescaling:
β
⊗
β
= β
2-morphisms also have an induced -composition. Here we have to make a choice
(which determines whether T ′Z will turn out to be cubical or opcubical). Indeed,
given 1-morphisms α, α′ : u → v and β, β ′ : v → w as well as 2-morphisms
X : α → α′ and Y : β → β ′, we define Y  X as follows. We compress the
contents of the cube X (respectively Y ) into its right (respectively left) half, i. e.
the subset with x-coordinate larger (respectively smaller) than 1/2, concatenate
the resulting cubes in negative y-direction, and finally rescale to end up with a
cube again:
v
w
β
Y

u
v
α′
X =
u v
w
α′ β
X
Y
Thirdly, we have to provide compositions of 3-morphisms. These will be defined
in terms of certain decorated 3d diagrams that we call ‘3d diagrams for Z’. Once
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we have established the nature of T ′Z , we will identify such diagrams as Gray
category diagrams for T ′Z .
As preparation for the precise definition, we note that in any progressive 3d
diagram Γ as in Section 3.1.2, each vertex ν has a source sν and target tν . These
are defined by choosing a small cube around ν whose faces are parallel to the
faces of Γ and that does not contain any other vertex. The source and target
of ν are by definition the bottom and top pre-2-category string diagrams of this
cube, respectively. Similarly, the source sΓ and target tΓ of the 3d diagram itself
are given by the bottom and top of Γ, respectively. We usually identify sΓ and
tΓ with their cylinders sΓ × [0, 1] and tΓ × [0, 1]; hence we can view them as
2-morphisms in T ′Z if Γ is decorated by D.
Definition 3.10. A 3d diagram for Z : Borddef3 (D)→ Vectk is a (progressive) 3d
diagram with j-strata decorated by elements of Dj as allowed by the maps s, t, f
for j ∈ {1, 2, 3}, and vertices ν decorated by compatible 3-morphisms in T ′Z , i. e.
by elements of Z(Ssν ,tν).
Next we define the notion of evaluation Z(Γ) of a 3d diagram Γ for Z, which
will be crucial in the following. For this we view Γ as a defect ball, and we write
Γcut for the defect bordism obtained by removing a small ball (or cube) Bν around
every vertex ν in Γ. Viewing Γcut as a bordism
⊔
ν ∂Bν → SsΓ,tΓ , we obtain a
linear map Z(Γcut) :
⊗
ν Z(∂Bν)→ Z(SsΓ,tΓ), which we can in turn apply to the
vectors Φν ∈ HomT ′Z (sν , tν) = Z(Ssν ,tν) decorating the vertices ν.
Definition 3.11. Let Γ be a 3d diagram for Z with source sΓ and target tΓ
and with vertices decorated by 3-morphisms Φν . Then the evaluation of Γ is the
3-morphism
Z(Γ) = Z(Γcut)
(⊗
ν
Φν
)
∈ HomT ′Z (sΓ, tΓ) .
In particular, the evaluation of 3d diagrams for Z allows us to define the
identity 3-morphism 1X : X → X for each 2-morphismX in T
′
Z . This corresponds
to a 3d diagram for Z with no vertices in the interior. More precisely, the 3d
diagram for the 2-morphism X defines a bordism ΣX : ∅ → SX,X . Its evaluation
Z(ΣX) : Z(∅) → Z(SX,X) is a linear map from k to Z(SX,X) = HomT ′
Z
(X,X),
hence it is determined by a vector in this space of 3-morphisms.
Now we are in a position to complete the discussion of compositions in T ′Z . In
a nutshell, composing 3-morphisms in T ′Z amounts to suitably arranging small
cubes (or balls) in a unit cube and then evaluating with Z. Given two vertically
composable 3-morphisms Φ : X → Y and Ψ : Y → Z, we consider the associated
3d diagrams whose bottom faces describe the 2-morphisms X and Y , respectively,
and whose top faces correspond to Y and Z. Hence, the diagram for Ψ can be
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stacked on top of the diagram for Φ, and after a rescaling this yields a new 3d
diagram Γ. The composite Ψ ◦ Φ is defined11 as the evaluation Ψ ◦ Φ = Z(Γ).
Similarly, if X, Y and X ′, Y ′ are pairs of ⊗-composable 2-morphisms, the
horizontal composite of 3-morphisms Φ : X → X ′ and Ψ : Y → Y ′ is ob-
tained by stacking the 3d diagrams for Φ and Ψ next to each other along the
y-axis. After a rescaling, this yields a new 3d diagram Γ′, and the 3-morphism
Ψ⊗ Φ : Y ⊗X → Y ′ ⊗X ′ is defined to be Z(Γ′).
Finally, for two pairs X, Y and X ′, Y ′ of -composable 2-morphisms, the -
composite of two 3-morphisms Φ : X → X ′ and Ψ : Y → Y ′ is defined as the
evaluation of the 3d diagram obtained by stacking the diagrams for Φ and Ψ
along the x-axis, rescaling the resulting diagram and then evaluating it with Z.
We illustrate the definition of ◦-composition with an example. For the 2-
morphisms
X = Y = , Z = ,
all with the same source and target 1-morphisms as depicted on the x = 1
and x = 0 faces of the cubes, respectively, and the 3-morphisms Φ : X → Y ,
Ψ : Y → Z given by
Z


Φ


, Z


Ψ


,
11It is straightforward to verify that this definition in terms of representatives is compatible
with the definition of 3-morphisms in terms of limits in the defining equation (3.20): Since
the limit and colimit of the relevant diagram coincide, and since all cone morphisms are
isomorphisms, the composition is implicitly defined by picking representatives, evaluating
with Z, and then mapping back to the limit. It is straightforward to see that the result
is independent of the choice of representatives. Analogous remarks apply to horizontal and
Gray composition of 3-morphisms.
36
the 3d diagram for the 3-morphism Ψ ◦ Φ : X → Z is given by
Ψ◦Φ = Z


Ψ
Φ


= Z




(Ψ⊗kΦ) .
Here, the first cube is viewed as a 3d diagram for Z, while the second cube is
viewed as a defect bordism, namely a defect ball with two defect balls (corre-
sponding to Φ and Ψ) removed, cf. the discussion after (3.18). Note also that
the definitions of vertical and horizontal composition of 3-morphisms in T ′Z have
an analogue in 2-dimensional defect TQFT (cf. [DKR, Fig. 6 b& c]), and the con-
struction should generalise to higher-dimensional TQFTs as well.
The only ingredient missing to state our first main result is the tensorator.
This is straightforward: for 2-morphisms Y : α→ α′ in T ′Z(u, v) and X : β → β
′
in T ′Z(v, w), we define the 3-morphism
σX,Y :
X
β
β′
Y
α
α′
u v
w
−→
X
β
β′
Y α
α′
u v
w
as the evaluation of a 3-cube with an X-Y -crossing:
σX,Y = Z


X
β
β′
Y
α
α′
u v
w


(1) , (3.21)
where the argument of Z is viewed as a bordism from the empty set to a decorated
sphere.
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Theorem 3.12. T ′Z as defined above is a k-linear Gray category for every 3-
dimensional defect TQFT Z.
Proof. We verify that T ′Z has all the data and satisfies the axioms of a Gray
category as in Definition 3.4:
(i) The set of objects is D3.
(ii) T ′Z(u, v) is a 2-category for all u, v ∈ D3 as by construction horizontal
composition is strictly associative and unital.
(iii) The identity 3-morphisms on a 2-morphism were introduced after Defini-
tion 3.11. The identity 2-morphisms on a 1-morphism and the identity
1-morphisms on an object were described in the second paragraph of Sec-
tion 3.3.
(iv) -composition is strictly associative and unital due to isotopy invariance
and functoriality of Z.
(v) The tensorator (3.21) is a 3-morphism with inverse
σ−1X,Y = Z


X
β
β′
Y α
α′
u v
w


(1) .
The axioms (vi)–(viii) follow immediately from the diagrammatic presentation.
3.4 Gray categories with duals from defect TQFTs
In this section we construct a Gray category with duals TZ for every defect
TQFT Z : Borddef3 (D) → Vectk, as a variant of the Gray category T
′
Z of the
previous section. To establish this result we in particular have to (i) provide for
all 2-categories TZ(u, v) pivotal structures which are compatible with the Gray
product; (ii) for every 1-morphism α provide its dual α# together with the fold
coevα and the triangulator τα. That these data satisfy the axioms of Defini-
tion 3.8 will be a direct consequence of functoriality for Z and our diagrammatic
presentation of TZ .
In order to have duals in the Gray category associated to Z, we need to enlarge
the class of diagrams we considered in the previous section: we also have to allow
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non-progressive diagrams to represent 2-morphisms in TZ , in which surfaces may
bend or fold. Thus as a Gray category we define TZ as T ′Z in Section 3.3, but
with “FpKD” replaced by “FpdK
D”. More precisely, the objects of TZ and T ′Z
are the same; 1-morphisms in TZ are equivalence classes of cylinders over repre-
sentatives α of 1-morphisms in FpdK
D, with prescribed orientations for 1-strata
in α × [0, 1] and such that the orientations of 2-strata in α × [0, 1] induce the
corresponding orientations of 1-strata in α × {1}; similarly, 2-morphisms in TZ
are equivalence classes of cylinders over representatives of 2-morphisms in FpdK
D;
3-morphisms and the rest of the structure in TZ are then defined analogously to
the case of T ′Z in Section 3.3. As a consequence the graphical presentation of TZ
will be compatible with the graphical calculus for Gray categories with duals.
We begin with part (ii) of the above outline as most of the structure for #-
duals in TZ is already contained in the free pre-2-category F
p
dK
D of Section 3.2.1.
Indeed, taking the dual α# ∈ TZ(v, u) of a 1-morphism α ∈ TZ(u, v) simply
amounts to ‘turning the stack of planes α around’. More precisely, if α is a cube
with m oriented planes decorated by α1, α2, . . . , αm from front to back, then α
#
is the cube whose m planes are labelled αm, αm−1, . . . , α1 from front to back, and
every plane has reversed orientation. In other words, the #-dual is obtained by
a rotation by π along the line through the centre of the cube and parallel to the
y-axis:
α =
u
v
α1
α2
α3 =⇒ α
# =
v
u
α3
α2
α1 . (3.22)
This is exactly the cylinder over the string diagrams in FpdK
D (compare (3.9),
where however we use different notation, suitable for 2-categories).
Similarly, the fold coevα in TZ is the cylinder over the string diagram repre-
senting the coevaluation in the free pre-2-category FpdK
D. Thus for α as in (3.22)
we have
coevα =
v
u
(3.23)
39
which we will also write as
coevα =
v
u
= α
v
u
(3.24)
The only datum for the #-dual in Definition 3.8 which for TZ does not originate
in FpdK
D is the triangulator τα in (3.11). Since τα is a 3-morphism in TZ it must be
an element in the vector space which Z associates to the ‘sphere with Zorro’s Z at
the south pole and a straight line at the north pole’. More precisely, τα is defined
to be Z(−)(1) applied to the stratified 3-ball whose only 2-stratum α (or list
of 2-strata α1, α2, . . . , αm) intersects its southern hemisphere in Z-shape, while
the remaining components of the intersection is a geodesic. Hence by identifying
cubes with balls (as explained after (3.18)) we set
τα = Z


α
u
v


(1)
for every 1-morphism α : u → v in TZ . We note that here in the bordism on
which Z is evaluated, the cusp point is not singular; its appearance is only a
matter of the graphical presentation.
To endow the 2-categories TZ(u, v) with a pivotal structure we need another
kind of dual X† : β → α for every 2-morphism X : α → β. By definition, X† is
obtained by rotating the cube X by π about the line through the centre of the
cube and parallel to the x-axis. For example
X = =⇒ X† = . (3.25)
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In particular, all 1-strata in X have opposite orientation in X†.
The 3-morphisms evX : X
† ⊗ X → 1α and coevX : 1β → X ⊗ X† which
exhibit X† as the dual of X are again obtained by applying Z to an appropriately
decorated ball. In the case of coevX this is done by stretching the contents of
the cube X in vertical direction, then bending the lower end back up to achieve
a U-shape, and then viewing the result as a decorated 3-ball. Finally we define
coevX to be Z applied to this bordism. For X as in (3.25) this means
coevX = Z




(1)
and analogously
evX = Z




(1) .
Theorem 3.13. TZ as defined above is a k-linear Gray category with duals for
every 3-dimensional defect TQFT Z.
Proof. The axioms of Definition 3.8 can be straightforwardly verified:
(i) For every 2-morphism X in TZ , the adjunction maps evX , coevX satisfy
the Zorro moves by isotopy invariance in Borddef3 (D) and by functoriality
of Z. Furthermore (−)†† is obviously the identity, hence TZ(u, v) is strictly
pivotal for all u, v ∈ TZ , and pre- and post--composition is strictly pivotal
as well.
(ii) The axioms α## = α, 1#u = 1u, coev1u = 11u , and τ1u = 111u in Defi-
nition 3.8 (ii.a) and (ii.b) hold manifestly in TZ , and the same is true for
(αβ)# = β#α# and coevαβ = (1α coevβ 1
#
α )⊗ coevα in part (ii.c),
compare (3.23) and (3.24). The remaining axioms of (ii.c) and (ii.d) again
follow from isotopy invariance in Borddef3 (D) and from functoriality of Z,
by applying Z to (3.13), (3.14) and (3.15).
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In the special case when there are no surface defects, i. e. D2 = ∅, then by con-
struction the tricategory TZ reduces to a product of braided monoidal categories
EndTZ (1α) for all α ∈ D3. On the other hand, in the presence of surface defects,
a defect TQFT ‘glues together’ closed TQFTs Zα : Bord3 → Vectk non-trivially;
see also Definition 4.1.
Remark 3.14. It is natural to ask whether we can determine functorial proper-
ties of the assignment{
defect TQFTs Borddef3 (D)→ Vectk
}
−→
{
linear Gray categories with duals
}
Z 7−→ TZ . (3.26)
A first observation is that this assignment is functorial in the most basic sense:
a monoidal natural isomorphism η : Z → Z ′ canonically induces an equivalence
of Gray categories with duals Tη : TZ → TZ′ by applying η to the vector spaces
of 3-morphisms. Furthermore for composable isomorphisms η and η′ there are
identities of functors Tη◦η′ = Tη ◦ Tη′ and Tid = 1.
We end this section by sketching a universal property for TZ which shows
that functors to TZ are classified by the ‘cubical part of Z’. To a linear Gray
category with duals G, we associate a symmetric monoidal category Cube(Gpre) of
‘stratified G-decorated cubes’, which covertly was key to our construction of TZ all
along. If we denote by Gpre the pre-2-category that consists of the objects, 1- and
2-morphisms of G, then Cube(Gpre) is a version of the stratified little-disc operad:
its objects are disjoint unions of decorated boundaries of cubes as in (3.17),
i. e. the cubes’ bottom and top faces are pre-2-category diagrams for Gpre. Basic
morphisms in Cube(Gpre) are Gray category diagrams Γ for G with little cubes
removed around all inner vertices. Such a diagram Γ is regarded as a morphism
from the disjoint union of all inner cubes to the outer cube boundary. General
morphisms are disjoint unions of basic morphisms. Composition is insertion of
diagrams in inner boundary components, and the monoidal structure is given by
disjoint union.
There is a symmetric monoidal functor
evalG : Cube(Gpre) −→ Vectk
which sends a cubeX ∈ Cube(Gpre) to the vector space of 3-morphisms in G which
is given by G(sX , tX), where sX and tX are the 2-morphisms on the bottom and
top of the cube X , respectively. On the disjoint union of cubes, evalG is defined by
the tensor product, and on morphisms it acts as the evaluation of Gray category
diagrams.
If we restrict to the case where G = TZ for some defect TQFT Z : Bord
def
3 (D)→
Vectk, then there is a canonical functor ι : Cube(T
pre
Z ) → Bord
def
3 (D) such that
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the diagram
Cube(T preZ )
Borddef3 (D) Vectk
evalTZ
ι
Z
(3.27)
commutes. The functor ι can be described as ‘gluing the diagrams for the mor-
phisms in TZ in the strata of the cube’. We expect that this can be made precise
by using a canonical framing for the strata in the diagrams. Note that by defini-
tion of TZ , the diagram (3.27) commutes in the strict sense.
The diagram (3.27) may suggest that TZ is a Kan extension of evalTZ along ι,
thus providing an inverse to the assignment (3.26). However, this is not true in
general, and Turaev-Viro theory viewed as a defect TQFT Z with trivial defect
data is a counter-example: here, the tricategory TZ simply consists of (multiples
of) identities (cf. Section 4) and evalTZ is the trivial functor, so for non-trivial Z
the triangle (3.27) is not a Kan diagram.
We expect instead that the universal property of TZ is as follows: For every
linear Gray category with duals G and every functor of pre-2-categories with duals
F : Gpre → FpdK
D, we have a functor ι ◦ F : Cube(Gpre) → Borddef3 (D). There
is a canonical bijection between natural transfomations η : evalG → Z ◦ ι ◦ F
and extensions F̂ : G → TZ of F to a functor of Gray categories with duals (F̂
agrees with F on objects, 1- and 2-morphisms). However, proving a statement
like this requires concepts beyond the scope of the present article and will be left
for future work.
4 Examples
After the abstract structural analysis of 3-dimensional defect TQFTs, in this
section we present three classes of examples. As the first example we will find
that in our setting even the trivial TQFT leads to an interesting tricategory: it
is illustrative to see how the trivial defect functor adds relations which produce a
3-groupoid from the free pre-2-category FpdK
D associated to given defect data D.
In the second example we consider the first known 3-dimensional TQFT, the
Reshetikhin-Turaev theory [RT2] associated to a modular tensor category C. It is
expected from the original construction that this is automatically a defect TQFT
with only 1-dimensional defects. We show that it indeed fits into our framework,
and that the corresponding Gray category reproduces C regarded as a tricategory.
As a third source of examples we interpret the homotopy quantum field theories
(HQFTs) of Turaev-Virelizier [TVire] as defect TQFTs. The version of HQFT
that we are interested in takes as input datum a spherical fusion categoryA which
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is graded by a finite group G and produces a TQFT for 3-manifolds equipped with
a fixed homotopy class of a map to K(G, 1). We shall show that these HQFTs
give rise to two different defect TQFTs: when restricted to bordisms without
stratifications, one of our TQFTs reproduces the trivial TQFT, and the other
one recovers the Turaev-Viro TQFT [TViro, BW] associated to the neutrally
graded component A1. Furthermore we explicitly describe the tricategories TZ
associated to the above two types of defect TQFTs Z.
Recovering ordinary TQFTs when restricting a defect TQFT to trivially strat-
ified bordisms is of course a more general phenomenon, which we conceptualise
in the following
Definition 4.1. A defect TQFT Zdef : Borddef3 (D) → Vectk is called a defect
extension of a set of TQFTs {Zα : Bord3 → Vectk}α∈D3 , if for all α ∈ D3, Zα is
isomorphic to the restriction of Zdef to bordisms with only one stratum labelled
by α ∈ D3.
4.1 Tricategories from the trivial defect functor
If we start with arbitrary defect data D, there is always a trivial defect TQFT
Ztriv
D
: Borddef3 (D) −→ Vectk (4.1)
that associates to every object Σ in Borddef3 (D) the vector space Z
triv
D
(Σ) = k and
to every bordism the identity map on k. It is however illuminating to see how
the 3-morphisms in TZtriv
D
relate the 1- and 2-morphisms of FpdK
D. We analyse
the structure of the resulting tricategory TZtriv
D
from top to bottom in the degree
of the morphisms with the following general fact:
Lemma 4.2. Let G be a linear Gray category with duals with the property
that between any two 2-morphisms X and Y , the space of 3-morphisms G(X, Y )
is 1-dimensional and the vertical composition of 3-morphisms is never the zero
map. Then all 1-morphisms in G are (weakly) invertible, and all 2-morphisms
are isomorphic.
Proof. First we show that any non-zero 3-morphism in G is an isomorphism: For
any such Φ : X → Y we can choose a non-zero 3-morphism Ψ : Y → X in
the 1-dimensional vector space G(Y,X). Since G is linear and the composition
is non-zero by assumption, the composition Φ ◦ Ψ is a non-zero multiple of the
identity on Y . Similarly, Ψ ◦ Φ is the identity on X up to a non-zero scalar.
We conclude that every 2-morphism in G is an equivalence, since the duality
morphisms relating a 2-morphism X with its dual X† are isomorphisms by the
previous statement. Also all 1-morphisms in G are equivalences, again because
the duality morphisms relating a 1-morphism α with its dual α# are isomorphisms
by the conclusion in the previous sentence.
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In the case of Ztriv
D
we have Ztriv
D
(Σ) = k for every stratified 2-manifold Σ with
scalar multiplication as composition, hence the above lemma applies.
Next we describe the tricategory TZtriv
D
in terms of a Gray category T
D̂
associ-
ated more directly with D. For this we first consider the following equivalence
relations on FpdK
D. We call two parallel 1-morphisms in FpdK
D equivalent if
there exists some 2-morphism in FpdK
D between them. In terms of this we define
a Gray category with duals T
D̂
whose objects are the objects in FpdK
D, whose
1-morphisms are equivalences classes of 1-morphisms in FpdK
D, 2-morphisms are
only the identities, and 3-morphisms in T
D̂
are multiplies of identities.
Proposition 4.3. There is a strict equivalence of Gray categories with duals
TZtriv
D
∼=
−→ T
D̂
.
Proof. We show that the projection to equivalence classes gives a strict functor of
Gray categories π : TZtriv
D
→ T
D̂
which is an equivalence. On objects, π is the iden-
tity. On 1-morphism α, π(α) = [α] is the projection to the corresponding class.
2-morphisms get mapped to the identity, and 3-morphisms λ ∈ k = Hom(X, Y )
get mapped to λ times the corresponding identity. By definition of the equiv-
alence classes of 1-morphisms, this is a well-defined strict equivalence of Gray
categories as in Definition 3.5: π is clearly fully faithful on 3-morphisms, es-
sentially surjective on 2-morphisms, biessentially surjective on 1-morphisms, and
triessentially surjective on objects.
4.2 Reshetikhin-Turaev theory as 3-dimensional defect TQFT
Let C be a modular tensor category, i. e. a non-degenerate spherical braided fusion
category, see e. g. [BK]. We can furthermore assume that C is strictly associative
and for simplicity we assume that C is anomaly free, otherwise one would need to
work with an extension of the bordism category.12 In this section we show that
the associated Reshetikhin-Turaev (RT) TQFT ZCRT in the formulation of [BK]
admits a formulation as a defect TQFT in our sense.
To fix our conventions, we write 1 ∈ C for the monoidal unit, and we denote by
x† the right dual of an object x ∈ C. There are adjunction maps evx : x†⊗x→ 1
and coevx : 1 → x ⊗ x
† satisfying the Zorro moves, and with the spherical
structure x† is also left dual to x.
We first recall the construction of the value of ZCRT on bordisms with embedded
coloured ribbon graphs. The set of colours is the set of objects of C. On the
boundary of such a bordism, there are C-marked surfaces Σ, i. e. closed surfaces
with marked points labelled by objects in C together with a sign (to distinguish
12We refer to [Tu, Sect. IV.6] for the notion of anomaly and the relevant extension of the
bordism category.
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incoming and outgoing ribbons) and a choice of a non-zero tangent vector (to
determine a ribbon). The state space ZCRT(Σ) of such a C-marked surface Σ is
defined by choosing a ‘standard marked surface’ Σt with an equivalence φ : Σ→
Σt of C-marked surfaces, i. e. φ is a homeomorphism mapping marked points to
marked points and preserving the labels.
In the following we will need the precise definition of Σt only in the case where Σ
is a sphere – see e. g. [BK, Sect. 4.4] for the general definition. A standard marked
sphere St is defined for a C-tuple t = ((c1, ε1), (c2, ε2) . . . , (cm, εm)) for some m ∈
N with objects ci ∈ C and εi ∈ {±}. The sphere St is constructed from a unit
cube Ct whose top boundary is decorated with m points pi along the line from
(1
2
, 1, 1) to (1
2
, 0, 1) together with unit tangent vectors pointing in the positive
y-axis. Each point pi is labelled with (ci, εi) while the remaining faces of Ct
are undecorated. St is the corresponding sphere obtained by projecting as in
Section 3.3. For example, if t = ((c1, ε1), (c2, ε2), (c3, ε3)) we have
Ct =
(c1, ε1)
(c2, ε2)
(c3, ε3)
, St =
(c1, ε1)
(c2, ε2)
(c3, ε3)
. (4.2)
To a standard marked sphere St with t = ((c1, ε1), (c2, ε2) . . . , (cm, εm)), the
RT construction associates the vector space F (St) = HomC(1, ct) with
ct = c
ε1
1 ⊗ · · · ⊗ c
εm
m , where c
+ = c and c− = c† .
Moreover if we write t = ((cm,−εm), (cm−1,−εm−1), . . . , (c1,−ε1)) for the reversed
tuple, then the evaluation maps in C define a non-degenerate pairing F (St) ⊗
F (St)→ C, hence an isomorphism F (St)
∗ ∼= F (St).
To an equivalence f : St → St′ of C-marked spheres, i. e. f is a diffeomorphism
that preserves the marked points and the tangent vectors up to a scalar, the
RT construction assigns a linear isomorphism F (f) : F (St) → F (St′). The
assignment is compatible with composition of equivalences and the identities,
hence the set of equivalences forms a projective system. By definition, the RT
state space of a C-marked sphere that is homeomorphic to St is the projective
limit of this projective system.
Finally, let M be a ribbon tangle in S2× [0, 1] from St1 to St2 for some C-tuples
t1 and t2. The RT invariant of ribbon tangles then defines a morphism F (M) :
ct1 → ct2 in C, and the TQFT construction provides an element Z
C
RT(M) ∈
HomC(F (St1), F (St2)) which is given by
ZCRT(M)(f) = F (M) ◦ f for f ∈ F (St1) , (4.3)
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see e. g. [BK, Ex. 4.5.2].
To understand Reshetikhin-Turaev theory as a defect TQFT, we consider the
following defect data DC associated to the modular tensor category C. ForDC3 and
DC2 we take the singelton sets {∗}. For any choice of ordered tuples of elements
in DC2 , we want to allow all objects in C as preimages of the folding map. To
single out the ribbon direction, we allow only for configurations with precisely
one adjacent 2-stratum around the 1-stratum that is ordered positively relative
to the orientation of the 1-stratum. Additionally there can be an arbitrary finite
number of adjacent 2-strata with negative relative orientation. Thus we define
DC1 = Obj(C)×
⊔
m∈Z+
(
({∗} × {+})× ({∗} × {−})× · · · × ({∗} × {−})
)
/Cm ,
and the folding map f simply projects to the second factor, i. e. f(x,Σ) = Σ for
all (x,Σ) ∈ DC1 .
We emphasise that there is no label inDC1 for a single 1-stratum that is detached
from any 2-stratum. Since every 1-stratum lies in the boundary of precisely one
2-stratum in M2 with positive relative orientation, thickening the 1-stratum in
the direction of this 2-stratum we obtain an embedded coloured ribbon graph
in M by keeping the colours and orientations from M1.
We have thus arrived at our first non-trivial class of examples for defect TQFTs:
Proposition 4.4. By evaluating the Reshetikhin-Turaev TQFT on bordisms
with ribbon graphs constructed from stratified bordisms as above, one obtains
for every modular tensor category C a 3-dimensional defect TQFT
ZC : Bord3(DC) −→ VectC . (4.4)
Next we show that the Gray category with duals TZC associated to ZC is equiv-
alent to C regarded as a Gray category with duals C. Indeed, for any modular
tensor category C, the Gray category C by definition has only one object and
a single 1-morphism, while the 2- and 3-morphisms of C are the objects and
morphisms of C, respectively. Both horizontal composition ⊗ and the Gray prod-
uct  in C are the tensor product in C (recall that we assumed C to be strictly
associative), and the tensorator is given by the braiding of C.
Proposition 4.5. There is a canonical strict equivalence of Gray categories with
duals
TZC
∼=
−→ C .
Proof. The equivalence F : TZC → C is defined as follows: it sends the object of
TZC to the object of C and every 1-morphism of TZC to the single 1-morphism
in C. Given a 2-morphism X in TZC , which we identify with the string diagram
on the bottom of the cube X as in Section 3.3, we forget the lines and project the
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string diagram to the y-axis. This gives a tuple of C-decorated points together
with a sign, hence a C-tuple Xt. By definition the functor F assigns the object
cXt ∈ C to X .
Consider next the space of 3-morphisms HomT
ZC
(X, Y ) between 2-morphisms
X, Y as defined in (3.20). After forgetting the 1-strata on the sphere SX,Y which is
obtained from gluing X and Y together as in Section 3.3, the resulting C-marked
sphere is homeomorphic to the standard C-marked sphere SYt∪Xt as defined at
the beginning of the present section. Here we use the symbol ∪ to denote the
concatenation of tuples. Pick an arbitrary homeomorphism φ : SX,Y → SYt∪Xt .
By definition, we have the associated vector space F (SYt∪Xt) = HomC(1, cY ⊗c
†
X),
and the construction of the RT state spaces gives a chain of isomorphisms
TZC(α, β) = Z
C(SX,Y )
φ∗
−→ HomC(1, cY ⊗ c
†
X)
∼= HomC(cX , cY ) (4.5)
where φ∗ denotes the cone isomorphism from the projective limit, while the last
isomorphism is obtained from duality in C.
The value of F on 3-morphisms is defined by composing the isomorphisms
in (4.5). By definition of ZCRT(SX,Y ) as a projective limit, this is independent of
the choice of the homeomorphism φ. F is functorial on the level of 3-morphisms
due to (4.3). By construction, it is functorial with respect to 2-morphisms and
1-morphisms. Hence it is a functor of Gray categories. It follows directly that
it is strictly compatible with the duals on the level of 1- and 2-morphisms. By
the isomorphism (4.5), it is fully faithful. The essential surjectivity for objects,
1- and 2- morphisms is also clear. Hence, F is an equivalence of Gray categories
with duals as in Definition 3.9.
4.3 HQFTs as defect TQFTs
In this section we construct two defect extensions for every G-graded spherical
fusion category A. On the one hand, A allows us to define a non-trivial defect
extension ZAtriv of the trivial TQFT (4.1). On the other hand, it yields a defect
extension ZA of the Turaev-Viro TQFT [TViro] associated with the neutrally
graded component A1. Both constructions rely on the HQFT construction of
[TVire].
Let G be a finite group. A spherical G-graded fusion category A is a spherical
fusion category over C that is G-graded, A =
⊕
g∈GAg, such that the tensor
product is G-linear. Our conventions for duals x∗ of objects x ∈ A are as in Sec-
tion 4.2. Additionally we choose representatives xi for the isomorphism classes
of simple objects, labelled by a finite set I ∋ i. The G-grading induces a decom-
position I =
⋃
g∈G Ig with finite index sets Ig for simple objects in Ag.
For our construction of a defect extension of Turaev-Viro theory below, we will
need to consider stratifications of 3-manifolds for which every 3-stratum is an
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open 3-ball. However, this is in general not possible without the presence of 0-
strata in the interior – contrary to our setup with stratified bordisms of standard
form in Section 2.2. Hence we specify the type of allowed stratification for this
section in case of a closed 3-manifold M :
(i) M is a stratified manifold as in Definition 2.1.
(ii) Every 1-stratum in M has a neigbourhood of standard form, cf. (2.2).
(iii) Every 0-stratum in M has a neigbourhood whose image N in R3 is a ‘lin-
early filled sphere’: N is a stratified ball whose stratification is induced by
the stratification of the boundary ∂N in the sense that each interior stra-
tum is obtained by connecting the points in each boundary stratum with
the centre of N by straight lines. For example
N = .
Similary, if M has a boundary, for M to have an allowed stratification we
require that (M, ∂M) is a stratified manifold according to Definition 2.3 such
that the conditions above are satisfied for the 1- and 0-strata in the interior
of M . Later we will show that in this case the stratification of M is of the type
that is used in the construction of the HQFT in [TVire].
Next we describe a set of defect data DG for every finite group G. From DG we
will construct the two defect extensions ZAtriv and Z
A mentioned at the beginning
of this section.
We define the three sets in DG to be
DG3 = {∗} , D
G
2 = G
and
DG1 =
⊔
m∈Z+
{[
(g1, ε1), (g2, ε2), . . . , (gm, εm)
] ∣∣∣
m∏
i=1
gεii = 1
}
(4.6)
where the equivalence classes [−] of tuples in G× {±} are taken with respect to
cyclic permutations. The source and target maps s, t : DG2 → D
G
3 are trivial, and
the folding map f is defined to be the identity on the underlying cyclic product
of group elements and signs. By construction, f never maps to the set DG3 .
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The labelling of the strata of a stratified bordismM byDG is as in the definition
of a DG-labelled defect bordism in Section 2.3 with no further labelling of the
vertices in the interior. Concretely, a labelling consists of a decoration of all
2-strata r by elements ℓ(r) ∈ G such that for every 1-stratum e we have
ℓ(r1)
ε1 · ℓ(r2)
ε2 · . . . · ℓ(rm)
εm = 1 , (4.7)
where ri denote the 2-strata that meet a small positive loop around e starting with
r1, and εi = + if the orientation of the loop together with the orientation of ri is
positive in M , and εi = − otherwise. If condition (4.7) is satisfied around each
1-stratum e, then there exists a unique label map ℓ of the 1-strata, otherwise ℓ
is not well-defined.
In the following it will be convenient to consider an oriented 1-stratum e also
with opposite orientation e and we denote by E the set of 1-strata with both
possible orientations. To avoid confusion, we call the elements e ∈ E edges (of
which there are hence twice as many as 1-strata). As before M2 denotes the set
of 2-strata of M .
The last ingredient we will need for our constructions of defect TQFTs is a
type of ‘state sum labelling’ [TViro]. For this, recall the index set I =
⋃
g∈G Ig
for the simple objects of the spherical G-graded fusion category A. A colouring c
of a decorated bordism M consists of a function c : M2 → I, where for each
2-stratum r ∈ M2 with label ℓ(r) ∈ G we require that c(r) ∈ Iℓ(r). Thus each
2-stratum gets assigned a simple object xc(r) ∈ Aℓ(r). Such a colouring c yields
the following additional assignments for edges and vertices:
(i) A small positive loop around an edge e ∈ E determines the object xε1c(r1) ⊗
· · · ⊗ xεmc(rm), where ri are the 2-strata adjacent to e, and the signs εi are
determined as above. As in Section 4.2, we write 1 for the tensor unit of A,
and for x ∈ A we set x+ = x and x− = x†. For every cyclic permutation
σ ∈ Cm, there are isomorphisms
HomA
(
1, xε1c(r1)⊗ · · · ⊗ x
εm
c(rm)
)
∼= HomA
(
1, x
εσ(1)
c(rσ(1))
⊗ · · ·⊗ x
εσ(m)
c(rσ(m))
)
(4.8)
which follow from the spherical structure of A. The isomorphisms (4.8)
define a projective system, and we assign its projective limit Hc(e) to the
edge e.
Furthermore, by the calculus for fusion categories, see e. g. [BK], there is a
non-degenerate pairing
ev(e) : Hc(e)⊗Hc(e) −→ C (4.9)
which yields an isomorphism Hc(e) ∼= Hc(e)
∗. We write coev(e) for the
copairing C→ Hc(e)⊗Hc(e) associated to ev(e).
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(ii) For a vertex ν in a boundary component Σ of a stratified bordism M we
define a vector space Hc(Σ, ν) analogously to step (i), using a small positive
loop around ν in Σ. Then we set
Hc(Σ) =
⊗
ν
Hν(Σ, ν) (4.10)
where the tensor product is over all vertices in Σ.
(iii) A vertex ν in the interior of M defines a vector as follows. Consider the
induced stratified manifold on a small ball Bν around ν. The 1- and 0-strata
on the boundary ∂Bν ∼= S
2 determine an oriented coloured graph Γν on the
2-sphere. The Reshetikhin-Turaev evaluation of graphs on 2-spheres [RT1]
for spherical tensor categories gives an element
FA(Γν) ∈ Hc(∂Bν)∗ . (4.11)
After these preliminaries we can move on to construct the two defect TQFTs
ZAtriv and Z
A.
4.3.1 The defect TQFT ZA
triv
In TQFTs of Turaev-Viro type one typically considers ‘fine stratifications’, where
each 3-stratum is a 3-ball. We do not require this in our case, but using the
construction of [TVire] still leads to a defect TQFT
ZAtriv : Bord
def
3 (D
G) −→ VectC
which we describe in the following. It is particularly simple as we do not need to
consider vertices in the interior of a bordism.
We begin by defining the state spaces that ZAtriv assigns to objects in
Borddef3 (D
G). Note that each colouring c of the 2-strata of a defect bordism M
induces a colouring of the 1-strata of the boundary ∂M , since they are required
to be boundaries of 2-strata. Hence we can set Hc(∂M) =
⊗
ΣHc(Σ), where
the tensor product is over all components Σ of ∂M , taken with the induced
orientations, and Hc(Σ) as in (4.10). With this we define
ZAtriv(∂M) =
⊕
c
Hc(∂M) , (4.12)
with the direct sum over all colourings c.
Next we define a vector ZAtriv(M) ∈ Z
A
triv(∂M). Note that the set of 1-strata is
the union of the sets of open 1-strata which have boundary points in ∂M , and of
closed 1-strata which form a loop. It follows from the definition of Hc(∂M) that
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there is a canonical isomorphism Hc(∂M) ∼=
⊕
open eHc(e)⊗Hc(e), with the sum
over all open 1-strata e. We use the copairing of (4.9) to define
ZAtriv(M) =
∑
c
( ∏
closed f
dimCHc(f)
) ⊗
open e
coev(e) ∈ ZAtriv(∂M) . (4.13)
For a bordism M : Σ → Σ′, we can use that there is a canonical isomorphism
Hc(∂M) ∼= Hc(Σ)
∗⊗Hc(Σ′) to extract from (4.13) a linear map Hc(Σ)→ Hc(Σ′).
The factor of the dimensions of the spaces associated to loops in the interior
is needed for the functoriality of the construction: If two bordisms are glued,
two open 1-strata might be glued to a closed 1-stratum, which yields a factor of
the dimension of the corresponding Hom space. It is clear that this construction
assigns the identity to the cylinder over a decorated 2-manifold. In total, it
follows that we have defined a functor ZAtriv : Bord
def
3 (D
G) → VectC which is a
defect extension of Ztriv∅ . By construction, the disjoint union of two bordisms
is mapped to the tensor product of the corresponding linear maps. Hence, the
functor is symmetric monoidal and thus a defect TQFT.
The associated tricategory TZA
triv
. We define a linear Gray category with duals
GA that is canonically associated to any G-graded fusion category A. Then we
argue that GA is equivalent to TZAtriv.
As objects, 1- and 2-morphisms of GA we take the same as in TZAtriv , i. e. cylin-
ders over the corresponding diagrams in the free pre-2-category FpdK
DG of Sec-
tion 3.2.1. Concretely, GA has a single object, 1-morphisms are 3d diagrams with
no lines and with surfaces labelled by elements of G (the surfaces are allowed
to bend). 2-morphisms are Gray category diagrams without vertices such that
condition (4.7) is satisfied around every line.
The space of 3-morphisms HomGA(X, Y ) between parallel 2-morphisms X
and Y is as follows. First we note that the notion of colouring carries over
to the 2-strata of a 2-morphism in GA. Hence for every 1-stratum Xj in the
2-morphism X , and for every colouring c of the 2-strata in X , we have the vector
space
Hc(Xj) = HomA
(
1, c(r1)
ε1 ⊗ · · · ⊗ c(rm)
εm
)
where ri are the 2-strata around Xj , and the signs εi are as in the previous
section. Similarly, there are vector spaces Hc(Yk) for all 1-strata Yk in Y , and we
can define
HomGA(X, Y ) :=
⊕
c
HomC
(⊗
j
Hc(Xj),
⊗
k
Hc(Yk)
)
. (4.14)
Vertical composition of 3-morphisms in GA is simply concatenation of linear
maps, and horizontal composition is the tensor product ⊗C. The 2-functors
α  (−) and (−)  α for 1-morphisms α are taken to act as the identity on
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3-morphisms, and the tensorator is given by the symmetric flip in the tensor
product.
To complete the definition of GA, we have to specify its duals. The duals of 1-
and 2-morphisms of GA are cylinders over the duals of FpdK
DG , i. e. taking duals
corresponds to rotating diagrams. The evaluation map evX for a 2-morphism X
is given by the canonical evaluation map in the space of 3-morphisms
HomGA
(
X ⊗X†, 1
)
=
⊕
c
HomC
(⊗
i
Hc(Xi)⊗Hc(Xi)
∗,C
)
. (4.15)
Finally, the coevaluation coevX is likewise obtained from the corresponding co-
evaluation map for vector spaces.
Proposition 4.6. There is an equivalence of Gray categories with duals
TZAtriv
∼=
−→ GA .
Proof. Objects, 1- and 2-morphisms agree for both Gray categories by definition.
Thus we can define a functor F : TZAtriv → G
A which is the identity on objects,
1- and 2-morphisms, and which relates the sets of 3-morphisms by the canonical
isomorphism V ∗⊗W ∼= HomC(V,W ), applied to all vector spaces V on the source
and W on the target 2-morphism of a 3-morphism. With these isomorphisms on
the 3-morphisms, we obtain a strict functor of Gray categories F , which directly
is an equivalence of Gray categories with duals.
4.3.2 The defect TQFT ZA
In this section we formulate the HQFT construction in [TVire] as a defect TQFT.
The crucial differences to the defect extension ZAtriv above are as follows. Now we
need to consider sufficiently fine stratifications of the bordisms. Generically this
requires vertices ν in the interior, to which we will assign the canonical vectors
FA(Γν) of (4.11). Finally, to obtain the vector spaces associated to stratified
2-manifolds, one performs a projection as is typical of state sum constructions.
A stratification of a bordism M is called fine if each 3-stratum of M is diffeo-
morphic to an open 3-ball and each 2-stratum of ∂M is diffeomorphic to an open
2-disc. We shall need to pass from a given bordism to a finer one: A refinement
of a stratified bordism M is a stratification of M that is obtained by adding
finitely many new strata to (M, ∂M) such that M is still a stratified manifold
with boundary with an allowed stratification as defined above. In particular,
vertices are allowed in the interior of the refinement of M . Hence the refinement
of a bordism in BordE3 may no longer be in this category, but it will be a bordism
in Bordstrat3 :
Lemma 4.7. For every bordism in BordE3 there exists a fine refinement in
Bordstrat3 .
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Proof. We show that for any stratification of a bordismM , there is a triangulation
which is a refinement of the given stratification. It is clear that a triangulation
is a fine stratification. First note that the standard form of the stratification
of bordism in BordE3 implies that the closure of each stratum is a manifold
(possibly with corners). Next we proceed inductively using the result that given
an n-manifold M with n 6 3 and a triangulation of its boundary, there exists
a triangulation of M which restricts to the given triangulation on ∂M [Mun,
Thm. 10.6].
To make use of this fact, we first pick a triangulation of the closure of all 1-
strata of M and ∂M such that the 0-strata are vertices of the triangulation. This
defines a triangulation of the boundary of the closure of all 2-strata of M and
∂M . Hence we can choose a compatible triangulation of the 2-strata. Finally, we
can also triangulate the 3-strata accordingly with respect to the triangulations of
their boundaries.
The above proof shows in particular that a bordism M with a fine stratifica-
tion can be triangulated. It thus follows that the stratification satisfies all the
requirements of a ‘skeleton’ ofM as defined in [TVire], so we can apply the HQFT
construction from [TVire] to such an M .
Next we take M to be in Borddef3 (D
G), i. e. M is decorated with defect data
in DG. For any given refinement of M we label every new 2-stratum by the
identity 1 ∈ G, so the condition (4.7) is still satisfied for all edges in the refined
stratification. For such a fixed refinement of M we apply the construction of
[TVire] as follows:
(i) For any colouring c of M we set Hc(∂M) =
⊗
ν Hc(ν) as in (4.10), and we
define H(∂M) =
⊕
cHc(∂M). This is not yet the state space Z
A(∂M) of
the our TQFT to-be.
(ii) For any colouring c of ∂M , consider an arbitrary extension c˜ to a colouring
of the 2-strata in the interior of M . Hence c˜ is fixed on all 2-strata which
intersect ∂M , and it labels all remaining 2-strata r with simple objects in
Aℓ(r). We define a vector |M, c| ∈ Hc(∂M)
∗ as
|M, c| = (dimA1)
−|M3|
∑
c˜
( ∏
r∈M2
dim(c˜(r))χ(r)
)
ev
(⊗
ν
FA(Γν)
)
, (4.16)
where |M3| is the number of 3-strata in M , dimA1 =
∑
i∈I1 dim(xi)
2 is
the sum of squared dimensions of simple objects in A1, χ(r) is the Euler
characteristic of a 2-stratum r ∈ M2, and ev :=
⊗
e ev(e) :
⊗
e(Hc(e) ⊗
Hc(e)) → C is the tensor product over the evaluation maps associated to
all 1-strata e in the interior of M . The sum in (4.16) is over all possible
extensions c˜ of the given colouring c on the boundary, and FA was defined
in (4.11).
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(iii) In case the boundary ofM splits as ∂M ∼= Σrev∪Σ˜, we want to assign toM
a linear map ZAc (M) between the vector spaces associated to its boundary
components. Writing Υ : Hc(Σ)
∗ ⊗Hc(Σ˜) → HomC(Hc(Σ), Hc(Σ˜)) for the
canonical isomorphism, we define
ZAc (M) =
dim(A1)
|π0(Σ˜2)|∏
e∈π0(Σ˜1) dim c(e)
Υ(|M, c|) , (4.17)
where the product is over connected components of the 1-strata in π0(Σ˜1),
and |π0(Σ˜2)| denotes the number of 2-strata of Σ˜. Finally, we set
ZA(M) =
∑
c
ZAc (M) .
(iv) For a cylinder over Σ, the linear map ZA(Σ × [0, 1]) is a projector. We
define ZA(Σ) to be the image under this projector.
Theorem 4.8. The construction above gives rise to a defect TQFT ZA :
Borddef3 (D
G) → VectC which is a defect extension of the Turaev-Viro TQFT
associated to A1.
Proof. According to [TVire, Thm. 8.4], ZA is an HQFT, and this implies that ZA
is independent of the choice of a fine stratification in the following sense. It de-
pends only on the topology of the underlying manifold M and up to conjugation
on the group homomorphism φℓ : π1(M)→ G that is induced by the labelling ℓ:
For a given path γ in M , denote by ℓ(r1)
ε1 · . . . · ℓ(rm)
εm the group element corre-
sponding to the 2-strata ri that intersect the path, with εi = +1 if the direction
of the path agrees with the orientation of ri, and εi = −1 otherwise. This group
element depends only on the homotopy class of γ and on the starting point of the
path up to conjugation, so it defines the homomorphism φℓ up to conjugation.
It is clear that a refinement does not change φℓ and thus the statement follows
from [TVire, Thm. 8.4].
The associated tricategory TZA . We show that the tricategory associated to
the defect TQFT ZA is equivalent to the linear Gray category with duals G
which is the group G considered as 1-morphisms in a monoidal bicategory with
only identity 2-morphisms, and whose 3-morphisms are scalar multiples of the
identity.
Lemma 4.9. Let S be a decorated stratified sphere in Borddef3 (D
G). Then the
vector space ZA(S) is 1-dimensional. Moreover, ZA(S) has a distinguished ele-
ment x, so there is a canonical isomorphism ZA(S) ∼= C sending x to 1 ∈ C.
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Proof. The HQFT invariants on surfaces depend only on the induced homomor-
phism from the fundamental group to G. Since on S2 the fundamental group is
trivial, the state space is the same as the one associated to the decoration for
which all 1-strata are labelled with 1 ∈ G. Evaluated on this labelling, the value
of the HQFT of the stratified sphere is equal to the Turaev-Viro invariant for A1,
which is a 1-dimensional complex vector space, cf. [TVire, Sect. 7.1].
To obtain the canonical element x in this vector space, consider the strat-
ification of the closed 3-ball B that is obtained by linearly filling the strat-
ified sphere S. Then we can evaluate ZA on B to obtain a linear map
ZA(B) : C → ZA(S) which gives the distinguished element x ∈ ZA(S) when
applied to 1 ∈ C.
It follows that the space of 3-morphisms TZA(X, Y ) is always 1-dimensional
for all parallel 2-morphisms X and Y . Moreover, by indepence of the stratifica-
tion, the composite of two distinguished elements is a distinguished element, in
particular non-zero. Hence Lemma 4.2 applies to TZA . To analyse the structure
of TZA further, we note that 1-morphisms α in TZA are in bijection with tuples
of group elements with signs, α ≡ (gε11 , . . . , g
εm
m ), by recording the labels and
signs on the 2-strata in increasing y-direction. Hence the dual of α is given by
α# = (g−εmm , . . . , g
−ε1
1 ).
Let x1 : X → Y and x2 : Y → Z be two distinguished 3-morphisms as in
Lemma 4.9. According to the construction of TZA, the vertical composition of x1
and x2 is the value of the defect functor Z
A on a stratified ball after inserting x1
and x2 as stratified balls. This yields again a distinguished 3-morphisms, since Z
A
is independent of the chosen stratification in the interior of the ball. Analogously
if follows that the ⊗- and -compositions of distinguished 3-morphisms give the
unique respective distinguished 3-morphism.
Proposition 4.10. There is an equivalence of Gray categories with duals
TZA
∼=
−→ G .
Proof. We define a functor F : TZA(X, Y )→ G as follows: On the single object,
F is the identity, and 1-morphisms α = (gε11 , g
ε2
2 , . . . , g
εm
m ) are sent to F (α) =
gε11 · g
ε2
2 · . . . · g
εm
m ∈ G. Every 2-morphism gets mapped to the identity. This is
well defined since there exists a 2-morphism between two 1-morphisms α and β
iff F (α) = F (β) by definition of DG. By Lemma 4.9, every 3-morphism in TZA
can be uniquely written as λ · x with λ ∈ C and x the distinguished element of
Lemma 4.9. We define the functor on 3-morphism via F (λ · x) = λ · 1, where the
identity is the identity on the identity 2-morphism of G.
Since the composition of 3-morphisms maps distinguished 3-morphisms to dis-
tinguished 3-morphisms, it follows that F defines a functor on the categories of
2- and 3-morphisms. The compatibility of F with the other two compositions of
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3-morphisms follows analogously. Clearly, F is a strict functor on the level of 1-
and 2-morphisms. Hence F is a well-defined functor of Gray categories.
It follows directly that F (α#) = F (α)# for all 1-morphisms α. Since F maps
all 2-morphisms to the identity, it is compatible with the duality on the level of
2-morphisms as well. This means that F is a functor of Gray category with duals.
It remains to show that F is an equivalence. Clearly, it is fully faithful on
3-morphisms due to Lemma 4.9. Moreover it is obvious that F is essentially
surjective on 2-morphisms and triessentially surjective on the single object. To
show that F is biessentially surjective, we define for a 1-morphism g ∈ G the 1-
morphism in TZA consisting of a single 2-stratum labelled with g. The functor F
applied to this 1-morphism is g, hence F is biessentially surjective, and the proof
is complete.
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